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Diffraction effects upon finite-frequency travel times:

a simple 2-D example

Jun Tong, F. A. Dahlen, Guust Nolet and Henk Marquering

Department of Geosciences, Princeton University, Princeton, New Jersey

Abstract. The widespread availability of broad-band
digital seismic data makes it possible to measure travel-
time anomalies by cross-correlation with spherical-earth
synthetic seismograms. Finite-frequency diffraction ef-
fects render such measurements sensitive to wave-speed
perturbations off of the infinite-frequency geometrical
ray path. We show, by consideration of a simple 2-D
example, that the Born approximation provides an ex-
cellent description of these off-path sensitivity effects,
in the absence of caustics and for travel-time shifts that
are small compared to the wave period. Remarkably, an
isolated low-velocity anomaly may produce fringing fast
travel-time anomalies, as measured by cross-correlation.

Introduction

It is well known that geometrical ray theory describes
wave propagation correctly in the limit of high frequen-
cies. If the frequencies are not high enough, the usual
understanding is that ray theory is no longer suited for
amplitude calculations, but that travel times can still
be modeled correctly [ Witte, Roth and Miller, 1996].
However, we show in this study that travel times mea-
sured by cross-correlation of broad-band pulses are sig-
‘nificantly affected by finite-frequency diffraction effects.
When the scale length of the structure is comparable to
the wave length, ray theory is no longer valid, and more
sophisticated inversion schemes have to be used.

Cross-correlation travel time

A number of authors have recently studied the sensi-
tivity of seismic waves using various approaches [ Wood-
ward, 1992; Li & Tanimoto, 1993; Vasco & Majer, 1993;
Marquering & Snieder, 1995; Snieder & Lomaz, 1996;
Marguering, Nolet & Dahlen, 1998]. Here, we combine
the Born approximation with a cross-correlation tech-

nique [VanDecar & Crosson, 1990; Woodward & Mas- -

ters, 1991] to calculate the sensitivity kernel of a finite-
frequency travel-time measurement in 2-D. In the fre-
quency domain, the 2-D scalar wave equation is:

(V2 + k)i = — f(w)s(r — s), (1)
where the tilde represents the Fourier transform. Our
sign convention is that e*“? appears in the Fourier in-
tegral in transforming from time ¢ to frequency w. The

quantity 4 is the displacement, f encapsulates the fre-
quency dependence of the point source, and k is the
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wave number defined by k = w/c, where c is the wave
speed. The vector r specifies the position of the re-
ceiver, and s is the source location. Born theory only
considers a single scatterer and assumes the following
linearized relation: u = ug + u;, where ug is the back-
ground homogeneous-medium seismogram, and u is the
inhomogeneous-medium seismogram which differs from
ug by the first-order perturbation u;. The Green func-
tion in a weakly inhomogeneous medium is also lin-

-earized: G = Go + G1, where Gy is the Green function

for the homogeneous medium and G is the first-order
perturbation. In the frequency domain, Go is a Hankel
function: Go(R,w) = (i/4)H((,1)(kR), where R = |r — s|
is the distance between the source and the receiver. In
the far field, we use the following approximation:

Go(R, w) ~ (i/4)\/2](xkR) &*R-7/9)  (2)

The first-order perturbation of the Green function is
given by

él(R,w) = // éo(Rl,w) 5]02 G~0(R2,w)dx, (3)
A

where the integration is carried over all of space A. The
quantity Ry = |s—x| is the distance between the source
and the scatterer, and Ry = |x — r| is the distance be-
tween the scatterer and the receiver. The squared wave
number perturbation 6k? in (3) is related to the pertur-
bation éc in the wave speed by §k? = —2(w/c)*(6c/c).
The relations between the Green functions and the seis-
mograms are

‘ (R, w) :‘éO(R’w)f(“’)v (4)

(5)

If we cross-correlate the homogeneous-medium seis-
mogram with the perturbed seismogram, the cross-
correlation function is

C(r)= /°° uo(t — 7)[uo(t) + u1(t)]dt.

i1 (R,w) = G1(R,w) f(w).

(6)

We define the unperturbed cross-correlation function
Co(r) = [ uo(t — T)uo(t)dt and perturbed function
Ci(r) = ffom ug(t — 7)uy(t)dt. For small shifts, which
we shall denote by é7 rather than 7, we expand (6) in a

Taylor series about zero, keeping terms of second order
in the perturbation éc:

1
C(87) = Co(0) + 670, Co(0) + 567°8,7Co(0)

+C4(0) + 678,C4(0). (7)
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In applications, the time shift §7 is determined by find-
ing the maximum of the cross-correlation function:

3570(6T) =0. (8)

Bearing in mind that the unperturbed cross-correlation
has its maximum at zero, 8,Co(0) = 0, we obtain

o 8,0y(0) [T, tourdt
B aTTCO(O) - f_c_)ooo ﬁo'll:o dt’

(9)

where the dot denotes differentiation with respect to
time. Parseval’s theorem can be used to convert the
numerator and denominator in (9) to the frequency do-
main:
Re [;° iw i3y dw (10)
f0°° w?|dig|2dw '

where the asterisk denotes complex conjugation. Upon
inserting (2)-(5) into (10) and interchanging the order
of integration, so that we integrate first over frequency
w, we can write the time shift in the form

b= /A/ K (x) bc(x) dx.

The quantity K(x) is a two-dimensional Frechet travel
time kernel given explicitly by

o =

(11)

K(x)=

V27 R1Ra /R [3° w|f(w)]? dw )

The time shift depends upon the frequency content of
the cross-correlated pulse through the power spectrum
| f(w)|2 In the limit w — oo, the spatial oscillations of
the wave-speed perturbation éc(x) are much smoother
than those of the kernel K(x); the method of station-
ary phase can then be used to evaluate the cross-path
integral in (11), with the result

R
o ~ ——c‘2/(; de(x) ds, (13)

where ds is measured along the straight ray between s
and r. This is the ray-theoretical travel time shift in
the Fermat or straight-ray approximation, as expected.

Finite-difference calculation

We test the above expectation by comparison with
two-dimensional finite-difference calculations. The ex-
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act response is obtained by solving the wave equation
numerically in the time domain:

V2u — (1/c%)0%u/0t? = —f(t)6(r — s),
u(r, 0) = du(r,0)/8t = 0.

(14)
(15)

An absorbing boundary condition is used upon the
four outer boundaries to suppress unwanted reflections
(Reynolds, 1978). In this study, we use a broad-band
point-source time function,

F(t) = (1/10)t%e= (745 cos[(nt/15) — (7/2))], (16)

with a dominant period of 30 seconds. Since the back-
ground velocity is 8 km/s, the average wavelenigth, A, is
240 km. We calculate a seismogram in a heterogeneous
medium, shown as the solid curve in Figure 1, and a seis-
mogram at the same receiver in the homogeneous back-
ground medium, shown as the dashed line (see below for
a description of the velocity perturbation). For receivers
between grid points, we use two-dimensional bilinear in-
terpolation to compute the displacement seismograms.
To measure the travel times, we cross-correlate the two
seismograms and determine the positiori of the maxi-
mum by parabolic curve-fitting. The acausal blip at
the beginning of the pulse is an artifact due to grid
dispersion. This should not influence our travel time
measurement significantly because the grid dispersion
effect on the perturbed and unperturbed seismograms
at a given receiver is approximately the same. The pa-
rameters for our experiment are chosen such that they
are roughly representative for delay-time measurements
using long-period sensors. Our results are therefore rel-
evant for tomographic interpretations of teleseismic S
waves [e.g. Woodward & Masters, 1991].

Ray tracing and Fermat travel times

We also compare the measured travel time with ray-
theoretical (w — oo) predictions. The two-dimensional
ray-tracing equations are:

dp./ds = dv/8z,
vdz/ds = pg,

dp?/ /ds = 8’7/3?/’
ydy/ds = Py-

(17)
(18)

where s is the arc length measured along the refracted
ray path, v = ¢! is the slowness distribution, (z,y) is
the position vector, and (pz, py) = w(ks, ky) is the wave
slowness vector. The initial conditions are
y(0) =0,

2(0) = 0, T (19)
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Figure 1. (Left) Seismograms at receiver 5 (azimuth 15°) computed using the finite-difference code. See Figure
2 for an explanation of the velocity anomaly §c(x) and the source-receiver configuration. (Right) Same except
that the calculations are carried out at receiver 15 (azimuth 45°) where the maximum travel-time delay occurs.
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Figure 2. (Left) Model configuration and the broad-band (a/A = 0 — 36) sensitivity kernel for receiver 5. The
source is in the left corner at the bottom. Receivers are situated at the small circles. The concentric circles in
the middle are contours of the velocity anomaly éc(x). Shading shows the kernel K (x); zero values are the white
contours. The sign of K (x) is negative in the central dark ellipse. (Middle) Same except that the kernel is filtered
by a low-pass filter (a/A = 0—1). (Right) Same except that the kernel is filtered by a high-frequency narrow-band

filter (a/A =17 — 8).

pm(o) = Pzo» pﬂ(o) = Dyo- (20)

The initial takeoff angles change from 0° to 90°, mea-
sured counter-clockwise. We solve equations (17)-(20)
using a fourth-order Runge-Kutta algorithm. The ve-
locity between grid points is calculated by means of a
two-dimensional cubic spline interpolation. The two-
point travel-time anomaly at a particular receiver is
found using a simple bisection-based shooting method;
specifically, we compute
J,

ds

R ds
c+ 6c

’
c

s
57’:/
r

where the first and second integrals are evaluated along
the curved and straight rays, respectively. The time
(13) based upon the Fermat or straight-ray approxima-
tion is also computed. Provided that the true ray has
not passed through a caustic, we expect 87permat to be
always greater than éTiryeray, in accordance with Fer-
mat’s principle of least time.

(21)

Comparison

We consider the travel-time delay produced by a
single bell-shaped low-velocity anomaly, of the form
dc = —0.04c[1 + cos(27r/a)], embedded in a homoge-
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neous background field (see Figure 2). The cosine shape
has a smooth derivative on the boundary, to avoid a
sudden bending of the ray. The source is located at the
left bottom corner of the field; the receivers are all the
same distance away from the source (see Figure 2). We
will use this configuration in all of our studies.

Figure 3 compares the four travel-time anomaly mea-
surements. Since the broad-band pulse consists of dif-
ferent frequency components with different wave lengths
A, the ratio a/) varies from 0 to 37. The travel time in
the background model is the horizontal line at 161.69
seconds. The curves show that the Born approxima-
tion (11) yields an excellent approximation to the mea-
sured cross-correlation travel time. However, diffraction
effects lead to significant departures from ray theory.
The first-order Fermat travel time (13) is always later
than the true ray-theoretical time (21) measured along
the refracted ray, as expected. An unexpected result
is that, in this low-velocity anomaly model, the arrival
times determined by cross-correlation are even earlier
than in the background model in the diffraction “side-
bands” at the 15° and 75° receiver azimuths.

In order to understand the mechanism of this phe-
nomenon, we calculate the travel-time sensitivity ker-
nel, K(x), at receiver azimuth 15° in the broad-band
frequency range (see Figure 2). The dark ellipse is the
first negative Fresnel zone of the kernel. In the outer
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Figure 3. (Left) Four types of broad-band (a/A = 0 — 36) travel times plotted versus the receiver azimuth,
showing the diffraction effect. The open circles o are the theoretical cross-correlation travel times based upon
the Born approximation (11) — (12). The asterisks * are the cross-correlation travel times measured using the

finite-difference seismograms. The ray tracing results (21) are shown as the dots

- and the first-order Fermat

results (13) as the plus signs +. (Middle) Same except that seismograms have been low-pass filtered, so that
a/A = 0— 1. (Right) Same except that seismograms have been high-pass filtered, so that a/A = 7 — 8.
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fringing Fresnel zone, K(x) is positive. The two white
elliptical curves are zero contours. The kernel has a
small local maximum in the bottom of the dark mini-
mum, right along the geometrical ray path, and a global
maximum in the second Fresnel zone. The character of
the broad-band kernel is not in accordance with ray
theory, which predicts that the travel-time anomaly §7
should be sensitive to the wave speed perturbation éc(x)
only right along the ray. The amplitudes of the oscil-
lating zones decrease as the distance increases from the
ray path and the outer zones tend to cancel as result of
destructive interference in the broad-band kernel (Fig-
ure 2). We can see from equation (11) that only the
negative zone senses the anomaly in the expected intu-
itive sense — a slow perturbation gives a positive delay
time. The fringing positive zone senses the anomaly
as a fast contribution to the anomaly é7. The total
anomaly (11) is the summation of all the contributions.
Thus, at 15° and 75°, it gives an even earlier arrival
than in the background model. What we see in figure
3-a is the effect of diffraction on cross-correlation travel
times. All observed waves are of finite frequency and
are sensitive to the perturbations éc(x) off the geometri-
cal ray. Diffraction causes a blunting of the travel-time
anomaly due to wavefront healing effects [Gudmunds-
son, 1996]. While an early arrival might at first sight
seem to violate the principle of causality, this is not
the case: what happens is that within the time win-
dow for cross-correlation some of the energy is shifted
towards earlier arrival times, so we stay on sound phys-
ical ground. :

In order to study the low-frequency situation, we fil- .

ter the seismograms with a low-pass filter. Changing
the frequency component in the seismogram is equiva-
lent to changing the dominant frequency in the source,
and thus the ratio a/). In figure 3-b, a/) is in the range
0 — 1. An even larger difference between the cross-
correlation travel time and the ray-theoretical travel
time is now evident. An interesting phenomenon is
that the travel times at 15° and 75° are now above
the background line. This indicates that waves with
different frequencies sense the anomaly with different
widths. Finite-frequency waves tend to smooth things
over about one wave length [Lomaz & Snieder, 1996].
Figure 2-b is the plot of the kernel in this frequency
range. Here, we see more zones because they are not
cancelled by the zones from other frequency ranges.
However, the first zone is always constructive because
all the first zones in different frequency ranges are nega-
tive. As expected, at higher frequencies, the agreement
with ray theory is excellent (see Figure 3-c). This result
is obtained by filtering the seismograms with a narrow
band-pass filter, so that the ratio a/A is 7— 8. The cor-
responding high-frequency kernel in this case is shown
in Figure 2-c.

Conclusions and Discussion

The results of this simple study show that, in the ab-
sence of triplications, the Born approximation (11) can
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be used to predict the effect of off-path velocity anoma-
lies éc(x) upon the travel-time 67 measured by cross-
correlation of broad-band pulses. However, diffraction
effects lead to significant departures from ray theory.
The Fermat travel time (13) is always later than the true
ray-theoretical time (21) measured along the refracted
ray, as expected. An unexpected result is the appar-
ently acausal character of the cross-correlation travel
times measured on paths that graze an isolated low-
velocity anomaly.
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