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Grains supported by and in frequent contact with the bed.
A well defined “layer” describable by:
1. Particle volume, δv [L3].
2. Average velocity, us, of bed load sediment [L/T].

3. Surface density, n, of moving particles [#/L2].

qs=δ v  n  u s

“Bed load” transport: multi-phase flow problem

[Frey and Church, 
ESPL, 2011]

Grains clump together – bed forms
→ “Force chains” form and break
→ Slow, stochastic shearing of granular bed
→ Spatial sorting and clusters

Yuill et al., Catena, 2010
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Turbulence, granular 
collisions, grain size 
dispersion.

Intermittent transport 
under steady flow.

Near threshold transport: “avalanching” and 
spatially heterogeneous dynamics(?)

[Singh et al.,JGR-ES, 2009]

[Charru et al., JFM, 2004] 

3 m

0.04 m

Laminar flow, uniform 
beads.

Intermittent transport → 
collective grain motion.
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One solution: CFD coupled to DEM



T p=m /b∼10−6s

Inertial 
timescale

Particle
mass

Stokes
drag

γ=slope /2=1

Ballistic transport at short time

Stochastic particle transport: diffusion?



  

Bed load: Brownian motion with drift?

T p=
4ρ s D

3ρC d ( 1
u f −v x )∼10−1 s

Momentum balance for particle in a 
turbulent shear flow: 

Drag, 
inviscid 
limit

Slip velocity

[Martin, Jerolmack and Schumer, J. Geophys. Res., 2012]



  

Velocity autocorrelation:
Controlled by inertia

0.1 1

Dispersion: inertial at short time

Prediction from 
autocorrelation
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Short timescales: yes, diffusive particle transport:

Statistical mechanics may be used to derive macroscopic 
transport laws from stochastic particle motions. 



  

But long-time dynamics governed by power-law waits 
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Particle transport: Exponential 
flights, power-law waits 

Waiting times >> fluid timescales:
→ Driven by burial and excavation of bed

Rice pile 
[Christensen et 
al., PRL, 1996] 
shows power-law 
residence times due 
to burial and 
excavation



  

Particle transport in real rivers:
Radio Frequency Identifier (RFID) 
Tags

- Intermittent floods drive 
particle motion.

- Measure position of “radio 
rocks” after each flood.



  

Mean square displacement → 
Superdiffusion

Dispersion: Superdiffusion due to power-law waits + drift

γ=1.82

- Flights are thin 
tailed (      ).

- Transport is 
strongly asymmetric

∴ Power-law wait 
times.

μ=∞ ν≈2
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t) Mobile particles →  

Momentum conservation.

Particles get stuck in 
bed.

Mobile ↔ immobile 
transitions w/ power-
law waiting.



  

Tracer particles spend much more 
time at rest than in motion.

Stochastic modeling approach:

Direct solution of fADE, if known, 
to determine dispersion.

Lagrangian particle tracking to 
determine dispersion from 
collection of particle motions.

But how to assess, a priori, what 
particle waiting times and hop 
lengths are?

→ Need better understanding of 
physics

[Benson et 
al., 2001]

Anomalous Dispersion



Summary and directions

Thresholds of motion: stick-slip dynamics, stochastic transport

Direct simulation: possible path forward, difficult for natural systems   

Statistical mechanics: useful framework for deriving transport equations
but mobile/immobile partitioning complicates application

Fractional ADEs and Random Walk models: flexible for modeling anomalous
diffusion, but must be informed by physics  
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