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Bridging the Gap: 
Oct. 1 2012 My opinion: Yes! 



Bridging the Gap: 
Oct. 1 2012 Questions for discussion 

1.  How can problems in geosciences inspire fundamental 
research in mathematics and statistics? 
i.  Examples? 
ii.  How did the inspiration happen? 
iii.  Is this unique to the geosciences? 
iv.  How have breakthroughs lead to advances in other 

fields? 
v.  Devils advocates? 

 
2.  How can we foster these innovations? 

i.  Is this possible through an “institute” type setting? 
ii.  Can it be done virtually? 
iii.  How do we get students involved? 

3.  Can fundamental research in mathematics and statistics 
lean to fundamental research in the geosciences? 
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Oct. 1 2012 My background 

Other collaborators: E. J. Fuselier, E. Lehto, L.H. Kellogg, D.A. Yuen. 

Joint work with Natasha Flyer, supported by NSF-CMG 0801309 and 0934581.  



Bridging the Gap: 
Oct. 1 2012 Some new geo-inspired work 

!"#$%&'()&$*(!%+,*-.&$(/(0#-.*$1*-(2&3&"$",".1%*,(!&$41%&(

•  Joint work with Uwe Harlander, Department Aerodynamics and 
Fluid Mechanics, BTU Cottbus. 

•  DFG program MetStröm: Multiple Scales in Fluid Mechanics and 
Meteorology 

•  Atmospheric general circulation: 
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X - 2 HARLANDER ET AL.: ORTHOGONAL DECOMPOSITION OF ANNULUS FLOWS

studies and they have been experimentally derived already
by Fowlis and Hide [1965] and have been refined later by
other authors [Früh and Read, 1997; von Larcher and Eg-
bers, 2005a]. The range of azimuthal wave numbers m is
restricted by the dimensions of the gap. Hide and Mason
[1970] found an empirical law for the minimum and maxi-
mum wave number, mmin ≤ m ≤ mmax, known as the Hide
criterion reading
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with a (b) as the inner (outer) radius of the gap.70

One of the most fascinating aspects of the differentially71

heated rotating annulus is its rich time-dependent flow be-72

havior. It is therefore not surprising that many studies73

have focused on this aspect. A phenomenon that has at-74

tracted much attention over many years is the so-called am-75

plitude and structural vacillation, which is a modulation of76

the amplitude and the wave shape in distinct sub-regions77

of the regime diagram mentioned above. Wave dispersion78

and structural vacillation have been observed by Pfeffer79

and Fowlis [1968] using streak photographs and by Harlan-80

der et al. [2011] by particle image velocimetry (PIV). They81

showed the simultaneous presence of two subsequent wave82

modes and argued that some part of the vacillation might83

result from the different phase speeds of the two modes (see84

also Yang [1990]).85

However, wave dispersion cannot explain the existence of86

multiple wave modes during a traverse of the regular wave87

regime. Therefore, Lindzen et al. [1982] numerically inves-88

tigated a non-linear version of Eady’s baroclinic instability89

problem for the annulus, and Barcilon and Drazin [1984] in-90

vestigated the problem by asymptotic techniques. In both91

studies, regions in the regime diagram could be identified92

where two modes with the same wavenumber may grow.93

Later, Früh [1996] and Früh and Read [1997] suggested that94

resonant wave triads are responsible for certain amplitude95

vacillations. Such triads, besides the dominant mode, in-96

volve two other, weaker modes (the triad). Energy is redis-97

tributed between the members of a trio, and the dominant98

pattern vacillates with a characteristic time. Geostrophic99

turbulence, i.e. the irregular flow regime, is generally found100

at high rotation rates [Morita and Uryu, 1989; Read et al.,101

1992; Pfeffer et al., 1997].102

The nonlinear behavior of the annulus flow motivated a103

number of contributions using nonlinear time series anal-104

ysis to better understand the physical mechanisms. Read105

et al. [1992] and Früh and Read [1997], for example, used106

time series of temperature from probes in the fluid interior.107

In contrast, Sitte and Egbers [2000] and von Larcher and108

Egbers [2005a] used velocity time series that have been ac-109

quired by the optical laser Doppler velocimetry (LDV ).110

On the other hand, also linear, multivariate statistical111

techniques have been successfully applied to highlight cer-112

tain aspects of the motion in the rotating annulus. [Read,113

1993], e.g., used Multivariate Singular System Analysis114

(MSSA) for phase portrait reconstructions of the annulus115

flow. Complex Empirical Orthogonal Function (EOF) anal-116

ysis have been applied to data from a rotating annulus with117

bottom topography [Pfeffer et al., 1990]. The focus of this118

work was to identify features of the wave propagation as119

a function of the Taylor number. Mundt and Hart [1994]120

constructed a reduced low-dimensional model of two-layer121

baroclinic instability by projecting the governing equations122

onto the EOFs of numerical flow simulations. The same123

should be possible by using EOFs from annulus laboratory124

data [Stephen et al., 1997, 1999]. Finally, Read et al. [2008]125

used EOFs educed from numerical simulations to identify126

structural changes of the dominant modes in the annulus127

when the Taylor number is increased.128

The differentially heated rotating annulus has also been129

used as a test bed for studies on weather predictability130

[Young and Read, 2008; Ravela et al., 2010]. Young and131

Read studied the breakdown of predictability for numeri-132

cally deduced irregular flow regimes. In this context breed-133

ing vectors (close relatives to singular vectors) play an im-134

portant role. Such vectors are an orthogonal decomposition135

for flows with non-orthogonal eigenmodes.136

The present chapter is organized as follows. In section 2137

we will give details on the experimental apparatus we use138

and the governing nondimensional numbers. Then, in sec-139

tion 3 we will present a summary of laboratory studies on140

annulus flows we performed over the previous few years. In141

particular we describe the multivariate orthogonal decom-142

position techniques we applied to the laboratory data. In143

section 3.1 we analyze PIV and LDV data at the transition144

between two different wave regimes by applying the Com-145

plex EOF analysis and MSSA. Subsequently, in section 3.2146

we analyze data from an annulus with a broken azimuthal147

symmetry. Similar to Pfeffer et al. [1990] we are interested148

in the wave propagation characteristics in a rotating annulus149

with ’topography’. The data have been retrieved simulta-150

neously by thermography and PIV measurements. Complex151

EOF analysis is able to decompose the flow into features152

typical for the flow up- and downstream of the annulus’153

constriction. This study was motivated by specific large-154

scale ocean currents like the Antarctic Circumpolar Current155

where the ’gap width’ of the flow depends on longitude. In156

section 3.3 we decompose surface temperature data of the157

annulus flow in Principal Oscillation Patterns (POPs), that158

is the linear eigenmodes, and in modes of maximal growth,159

called Singular Vectors (SV). In contrast to the traditional160

approach we deduce these modes from the data alone with-161

out using a linear model operator. Finally, in section 3.4162

we decompose the annulus flow in a purely rotational and163

a purely divergent part. This decomposition is based on164

Radial Basis Functions (RBFs) and it might proof useful in165

discriminating different wave types in the flow. We close the166

chapter with section 4, where we summarize our results and167

provide an outlook on future work.168

2. Experimental setup, Parameters, and
Flow Regimes
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Figure 1. Sketch of the rotating annulus with illustra-
tion of a typical large-scale jet-stream of wave number
m = 4 that has a drift relative to the rotating reference
system.
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Annulus experiment at BTU Cottbus
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•  Accepted laboratory experiment for large scale flow in the mid-latitudes. 

Parameters: 
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Governing equations: 

Non-dimensional numbers 

introduction reference experiment data assessment and data analysis conclusion

Equations, numbers, and experimental setup

dv
dt

= −∇p +∇2v

− Raθk − Ta1/2k × v
dθ
dt

=
1
Pr

∇2θ

∇ · v = 0

Taylor Ta 4·Ω2·(b−a)4

ν2

Rayleigh Ra g·α∆T ·(b−a)3

(κ·ν)

Prandtl Pr ν
κ

mod. Taylor Ta’ b−a
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Actual experiment at BTU 
Cottbus. 
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introduction reference experiment data assessment and data analysis conclusion

Animation of the wave spin-up

Ω [rpm] ∆T [K] Ta Roth b − a [mm] d [mm]
exp 6 5.1 1.55 · 107 0.79 75 135
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•  At various levels of the tank, horizontal velocity measurements of the 
fluid are obtained by Particle Image Velocimetry (PIV). 
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Velocity data at all levels: Velocity data at top level: 

First problem: 
Reconstruct the full 3D field from the various horizontal slices. 

a)  Reconstruct the 2D field on each horizontal slice. 
b)  Compute divergence of the reconstructed field. 
c)  Use incompressibility of the full 3D field to recover the vertical velocity 

component: 

Challenge: Data is scattered and contains noise. 
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Oct. 1 2012 Data analysis problems 

Velocity data at top level: 
Second (and more interesting) problem: 
Compute the Helmholtz-Hodge decomposition  
of the 2D horizontal fields. 

Recall: Helmholtz-Hodge theorem states any sufficiently 
smooth vector field u can be decomposed as follows: 

Decomposition is unique if appropriate boundary conditions applied. 

Importance: These two fields can be used to discriminate different wave-types: 
  

Baroclinic and Rosby waves are div-free, while inertial-gravity waves are not. 

Challenge: Data is scattered and contains noise. 
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Key idea:  
Use a reconstruction that mimics the Helmholtz-
Hodge decomposition theorem. 
Notation: 

Property conserving approximation: 
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Oct. 1 2012 Property conserving approximations 

Key idea:  
Use a reconstruction that mimics the Helmholtz-
Hodge decomposition theorem. 
Notation: 

Property conserving approximation: 

Constraints for interpolation: 

(Leads to a positive-definite 
  linear system of equations) 
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Oct. 1 2012 Property conserving approximations 

Key idea:  
Use a reconstruction that mimics the Helmholtz-
Hodge decomposition theorem. 
Notation: 

Property conserving approximation: 

Results: 
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•  Exact field, stream function, and velocity potential 

•  Reconstructed field, stream function and velocity potential 
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The colors of the streamlines correspond to the vertical levels of the streamline seeds: 
red=40mm, green=60mm, magenta=80mm, blue=100mm, black=120mm 

3-wave pattern 4-wave pattern 
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Oct. 1 2012 Questions for discussion 

1.  How can problems in geosciences inspire fundamental 
research in mathematics and statistics? 
i.  Examples? 
ii.  How did the inspiration happen? 
iii.  Is this unique to the geosciences? 
iv.  How have breakthroughs lead to advances in other 

fields? 
v.  Devils advocates? 

 
2.  How can we foster these innovations? 

i.  Is this possible through an “institute” type setting? 
ii.  Can it be done virtually? 
iii.  How do we get students involved? 

3.  Can fundamental research in mathematics and statistics 
lean to fundamental research in the geosciences? 



Bridging the Gap: 
Oct. 1 2012 Don’t forget… 


