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A. CHRISTOFFEL EQUATIONS FOR ISOTROPj¢ AND
ANISOTROPIC SOLIDSY

ISOTROPIC AND CUBIC
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TETRAGONAL

Classes dmun, 422, 42m, djnpnm. Same as hexagonal, but with arbitrary ¢y .
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ORTHORHOMBIC
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B. SLOWNESS SURFACES FOR ISOTROPIC AND ANISOTROPIC
SOLIDS

This section gives slowness curves for the principal planes of all crystal
classes except triclinic and monoclinic. Representative dimensions on these
curves are stated in terms of the material parameters, neglecting the piezo-
electric effect. Using the material constants given in Appendix 2, thesc
dimensions can be easily evaluated for any material and then used to sketch
the general shape of the curves.

B.1 Tsotropic

In Section € of Chapter 6 it was seen that the phase velocity V, = wfk is
independent of direction and has two values,

oo e a2
| = =
. - Ve N
for the longitudinal wave, and
o -

po e

"N Vo
for the two shear waves. The slowness surface consists of two concentric
spheres (Fig. 3.1). Since the Lam¢ constants 4 and u are both positive, the
outer sphere is for shear waves and the inner one for longitudinal waves.

B.2 Cubic

The case of a cubic material was treated in Examples 4 and 5 of Chapter 7.
For propagation in a cube face the characteristic equation factors into a
linear term and a quadratic term. There is a pure shear wave polarized normal

to the cube face,
/ (W]
B (e
/1

Caa
a quasishear wave,

K / o S 5 . w - 2
(7——) = (2p)’ '!{(*,, F ey — V(e = ) Co8T 2+ (epy b oegy) SN 2(,?5}

SO :

(3.2)
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FIGURI 3.1, Isotropic. Propagation in an arbitrary plane.

and a quasifongitudinal wave,

k . " T -1
('“) = (2/))'/“{5'11 + cy + \/(“n — )" 08" 2 4 (epy F 40" 5in* 2‘?"} »
)

@,
(3 h

where cos ¢ = /. Inverse velocily curves are shown in Fig. 3.2 for gallium
arsenide. Representative dimensions are given in terms of material param
eters. From these, the general shape of the curves can be deduced for any
cubic material.

For propagation in a plane passing through a cube face diagonal the
characteristic equaltion again factors into linear and quadratic terms. There
is a pure shear mode polarized normal to the plane of propagation,

k 2 /2
(4)- : S
®/y Cyy — Cpo

12 b4 .2
o8 O + ¢y sin” 0

/

oh \p oyt ¢

a quasishear wave,
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FIGURE 3.2, Cubiccrystal classes. Propagationin a cube face.

Curves shown are for GaAs, with the piczoclectric effect
ignored. Sketches may be made for other materials, using the
key dimensions shown,

and a quasilongitudinal wave,
& 2 I
B
/3 B+ VB —(C

: 20s” 0) 4
B = (c;; + ¢y + 4cyy) EQ—E—— 4 (€ F cyy) sin” O

Here

and
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with
K et e+ 20y,
Cpp == --———-—————f) .

Z

The direction angle § is defined in Fig. 3.3, which gives curves for gallium
arsenide and also some representative dimensions,

B.3 Hexagonal

For hexagonal materials the charactenistic equation factors when propagation
1s in the XY plane. that is, normal to the Z-axis. The dispersion relation is
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FIGURE 3.3. Cubic crystal classes. Propagation in a cube dingonal
plane. Curves shown are for GaAs, with the piczoclectric effect ignored.
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FIGURE 3.4. Hexagonal crystal classes. Propagation normal
to the Z-axis. Curves are for CdS, with the piczoclectric effect
ignored.,

independent of the propagation direction in this plane. There is one pure

shear mode
‘g AN 12
f)- (e
My Coo

polarized normal to the Z axis, another pure shear mode

o)
w/, Cyy

polarized parallel to the Z axis, and a pure longitudinal mode

G-
w/y Cyy

Figure 3.4 shows curves for cadmium sulfide, neglecting the piezoelectric
effect.

The characteristic equation also factors for propagation in the XZ plane.
Since the Christoffel equation can be shown to be symmetric with respect to
an arbitrary rotation about the Z-uxis the same dispersion relation will apply
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for any meridian plane. That is, the wave vector surface is always rotationally Z-axes
symmetric. There is one pure shear mode kplw
(’é) ( p )” * (3.10) (kjw), Pure shear, 6x1o-t)
= .y 2 g Y larized L to Z-axes - .
wly ey $in® 0 + ¢qq cos® 0 potarize a (kjw); Quasishear

polarized normal to the meridian plane containing k. The other solutions are
a quasishear wave (k/w)s
Quasilongitudinal

(K) = (2;))”2{cu $in® 0 4+ ¢4y c08 0 + ¢4y
1

[£35

/ 2 P r— 172
= Vlew = €a)sin®f + (¢4 — i) cos™ 0] + (¢35 + €40)° 519226} . 1 . "
(.10 @ ~ %mj@ ex10

and a quasilongitudinal wave

(—)3: (2,0)”“{('lI SINT 0+ oy co8” 0+ oy ©)

1)

~1/2
+ \/[(c'H — ) SIN 0 4 (cgg — 33) €08 0] + (¢ + c4)  sin® 200 ®
(3.12) )

The direction angle 9 is measured from the Z axis (Fig. 3.5). , )
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wh FIGURE 3.5. Hexagonal crystal classes. Propagation in a meridian
k 1720 Iy - —j—1/2 plane. Curves shown are for CdS, with the piezoclectric effect ignored.
(m) = {2py "\ + g5 — V{Ces — cu) 4('13, {314y
Uily
and a pure longitudinal wave polarized along X. The quasishear wave is
k ' P 1/2 P
—f= =] . 3.0 k . : s P R .
((z))3 (cll) ( (”’) = (29,)”2{(0;4 + ) — \/(Cu - €qq) + 4Cf4{ 3.17)
miy
Along V¥ there is one pure shear wave and the quasilongitudinal wave is

k p k Y ; - —1/2
(M) - (_) AR (“) = (2}”)1/—{(4’44 + o) A+ Ve — oy 4('?4 (3.18)
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FIGURE 3.6, “Frigonal erystal classes 32, 3nz, 3m. Propagation normal to
the Z-axis. Curves shown are for quartz, with the piczocelectrie effect ignored.

Because of the threefold symmetry about the Z-axis and the inherent inversion
symmetry of the clastic stiffness matrix the wave vector curves have a sixfold
pattern in the XY planc (Fig. 3.6). Piezoclectric stiffening (Part 4 of Section
8.F) is usually only a small correction to the dispersion curves and has been
neglected in calculating the curves shown for quartz.

In the YZ plane a pure shear wave, with polarization along the ¥ oaxe,
is governed by the relation

k ar 2 . . -
(l) = p"¥egs SINT O 4y o8 4 ¢ sin 200 (Hi
@0/y
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The quasishear wave is described by

(I . IS ~1/2
(;’X)) = (24 — VB % C| (3.20)
0/
and the quasilongitudinal wave by
'k ] T B U
(;) o+ VB o7 (320
3

where
A = ¢y + ey sin® ) + ey5c082 0 — ¢y sin 20
B = (¢4 — ¢y SINEH 4+ (035 — ¢4q) CO82 0 4 ¢,y 810 20
C = ({15 + 44} 8in 20 — Q¢4 8in* )2
Figure 3.7 shows curves for quartz. The characteristic equation does not

factor for propagation in the XZ plane and little information can be obtained
without numerical computation. For propagation along Z the pure shear

waves are degeneraie,
/1 'k 172
(- (-2
o) 0/,

/3 Caa

and the pure Jongitudinal wave is governed by

/ 17
(f(—)-—-- (-ﬁ-) . (3.23)
3y

Cag/

Along X there are pure shear waves (3.13) and (3.14), and a pure longitudinal
wave (3.15). Curves for quartz are given in Fig. 3.8,

B.4b Classes 3, 3. In this case it is possible to deduce the general shape
of the slowness curves for these crystal classes by noting that the stiffness
matrix (given in Part A.5 of Appendix 2) assumes exactly the same form as
for classes 32, 3m, 3m when it is referred to a set of coordinate axes that
are rotated clockwise through an angle &, with

tan 3¢ = -2 (3.24)

Cyq

about the Z axis. The general shape of the slowness curves for classes 3 and §,
referred to the crystal axis directions, is thus obtained by rotating the curves
in Fig. 3.6 to 3.8 counterclockwise through the angle & about the Z axis.t
Because there are no measured stiffness constants for materials of this kind,

Tt should be noted, however, that the dimensions given in these figures cannot be
calculated directly from the stiffness constants referred to the crystal axes. The transformed
stifTness constants must be evaluated first,
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FIGURE 3.8. Trigonal crystal classes 32, 3», 3m. Propagation in the
XZ plane. Curves shown are for quartz, with the piezoelectric effect
ignored.

sample curves cannot be given. However, the same phenomenon occurs in
the tetragonal classes and will be illustrated below.
B.5 Tetragonal

B.Sa Classes 4mm, 422, 42m. 4jmmm. The characteristic equation factors
for propagation in the XY and XZ (or YZ) planes.

In the XY plane
k / P 172
)= (—~ (3.25)
@

1 Cag!

is a pure shear wave polarized along Z. The quasishear wave is

2

/’ i o @ 9 . o ~1
(\) = (2/’)1‘4‘4!1 + gy — \-"’}(“n — o) €08 2 + (c1y + cgg)” sin” 2‘7{:’}
O,
’ (3.26)
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and the quasilongitudinal wave is

2

’\: /9 / @ s EE [t
(—) = (2p)"“{c” + cos + Ve = ge)" co8® 2 + (4 + 0ge) sIn* 28,
{0/,

’ (3.27)

where the angle ¢ is defined in Fig. 3.9. These expressions are the same as for

hexagonal crystals, except that there is now no restriction on ¢g. The con-

sequences of this are (1) the slowness surfaces are no longer rotationally

symmetric and (2) there is only one pure mode propagating in the XY plane.
In the X7 plane there is a pure shear wave polarized along Y,

(&) = p'"*{cgesin® 0 + ¢4 cog® O} 17 (3.28)
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The quasishear wave is described by
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o

(1)

and the quasilongitudinal wave by

where

142

k ! S
(Q;) =(2p)" |4 + VB £ (]
3

A= ey sin® 0 + ¢y cos® 0 + ¢,
B = (¢, — an) sin® ) R CUTIE N T
C = (¢ + ) sin® 20

Curves for rutile are shown in Fig. 3.10.

K e
(—) = 2p)4 — VB + ¢
71

) (3.30)
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FIGURE 3.11. Slowness curves for tellurium dioxide, corresponding to
Fig. 3.10.

One material of this crystal class (tellurium dioxide) has the interesting
property that ¢y > ¢y, while ¢y, satisfics the usual condition ¢y < ¢y
This means that the X-intercept (50 in Fig. 3.10 falls inside the X-intercept (2).
From this it appears that the (kfo), and (&/m), curves should cross cach
other. Figure 3.11 shows that this does occur. Along the X axis, the longitu-
dinal wave has the unusual property of being slower than one of the shear
waves: but normal conditions are restored after the curves have crossed.
Figure 3.12 shows slowness curves in the XY plane for the same material.
In this case, the solution (k/w}, changes front pure longitudinal to pure shear
as ¢ increases from 07 to 457, and the solution (&/m), changes from pure shear
to pure longitudinal.

B.5Sb Classes 4. 4. 4/m. The characteristic equation factors only for

propagation in the XY plane and along the Z axis. )
In the XY planc there is a pure shear wave polarized along £,

(_i‘_)).: (,,&)m_ (3.31)

g
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For the quasishear wave

k . ————— gy
(_)): (2/))”“{"1! + Ch \/(<'11 + c6)* — 4(,} l (3.32)

®/,

and for the quasilongitudinal wave

k of T T
(_) = (2;0)”"}('!1 + Cg + \‘j(‘“n + Cﬁﬁ)‘: - 4('}

w/y

172

-~
[
[
e

R

where
C= (¢, 008> ¢ + cgqsin® ¢ + Cu SN 24)(¢py 5in* G 4 46 cOsE
= €168 2¢) — (01508 2¢ + (c1, + cg) sin b cos P2
Along the Z axis there are two degenerate shear waves

== )

Cag
and a pure fongitudinal wave,
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The stiffness matrix for materials of this kind can be converted to the
same form as for classes 4mm, 422, 42m. 4/mmm by performing an appro-
priate rotation of coordinates about the Z axis. Slowness curves therefore
have the same general appearance as Fig. 3.9, but are rotated about the Z
axis. Curves for calcium molybdate are shown in Figs. 3.13 to 3.15.

B.6 Orthorhembic

The characteristic equation is of the same form as for the hexagonal classes,
but with more general stifiness coeflicients. It factors for propagation in the

XY, X7, and YZ planes.
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X = Y, Z. Curves are for calcium molybdate.

In the XY plane there is a pure shear wave polarized along the Z axis,

(E—) = p'®cy cos® ¢ + 5 sin® SV (3.34)
w/|
The quasishear wave is

(&) - (2/’)1/2{"4;6 + ¢y cos” ¢ + epsin® ¢

/s

— J(egs + €10 COS* b + Cyy sin® HyP — 4 } E(3)
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and the quasilongitudinal wave is

k . 9 2 - o
(“) = (ZP)UJ{%G + ¢ cos” b + ¢y sin’ b

(¥/3

+ V(g5 + €1y €08 + ¢y sin® $)F — 4(?}‘”'“’ (3.36)
where i
C = {03, €087 b + g6 85102 )0 COSE b + 0y, sin% P)
— {4y + Cg)? COS* & sin® ¢,
The direction angle ¢ is defined in Fig. 3.16, which shows curves for barium
sodium niobate, neglecting the piczoelectric effect.

heylw

(k/w), Pure shear,

Z-polatized \ S

_ w10t ) N
(k/w), Quasishear »/// s/m (g) >\<U«/w , Quasilongitudinal

///(b M(;; /// \\
Js ®\ ‘?Lli L; o

(& 26x10-
- e ,
\\\\\ L (3)
W (& )
NN (@) A
[ —
) (P/('H)UZ 6 (P/('55)U2
@ (pleggh’ & plegt’?

4 1/2
o1+ Can + 205 — Vg — o)+ A0y, + gl
@ (plegg)

4p 1/2
@ y ‘
\Cip F G+ 20gg + Ve — €l + e + cge)?

@ (pflog)’?

2[) 1/2
Cag T+ €35

FIGURE 3.16.  Orthorhombic. Propagation in the X Y plane. Curves are
for bariam sodium niobate, with the piezoelectric effect neglected.
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For propagation in the XZ plane the pure shear wave is polarized along

the Y axis,

)

The quasishear wave is

N o
(K) — (Qp)”“’l(‘% + ¢y sin® 0 4 cyy
L

@)

(-[g) = p*cgy sin® 0 + ¢y cos® 0172 (3.37)
2

cos® 0

- \’/{"55 + ¢y

sin® 0 + ¢y cos® 0) — 4(7}"”‘2 (3.38)

kylw

(k/w), Quasishear —._ %
24%1074
s/m

..

(k/w), Pure shear, &
Y-polarized "~ &

" {#/w), Quasilongitudinal

) ( b
a ] ‘
e F ooy + 205 + Ve — o)

@ (pfey )

)1/3
+ 4legy + o)

@ (plege)' ™

/4 4p
w ( / 2
e ey + 205 — Ve — Cgy)
C\.’ﬂ)\, (p}fC44)l;‘2

DO (pfesg)?

1/2
+ 4(cyy + r,r,,,,)z)

2p /2
w6 | —
VR

8y (plegt®

FIGURE 3.17. Orthorhombic. Propagation in the Y/ planc. Curves are for
barium sodium niobate, with the piezoelectric effect neglected.
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and the quastlongitudinal wave is

(é) - (?-p)uz)lcsﬁ + ¢y sin® 0 + ¢y co8* 0
3

(4]

+ V(csq + ¢4y i 0 + ¢4y cOs B)F — 4(‘;"}"”? (3.39)
where

C = (¢, sin? 0 + ¢35 c08* )y 8iR2 0 + gy COS )
— (¢35 + €450 sin® ) cos® 1.
Curves are shown in Fig 3.17.
In the Y7 plane the pure shear wave is polarized along the X axis

(ﬁ) = p'f31<'66 sin®  + ¢;5 cos® o e (3.40)
1

o

The quasishear wave is

(ii) = (2,0)"""{(44 + Cyp 5INE 0 4 4y cOsT U
“/y

— V(ens + o sin® 0 4 g cos® OF — ¢ (3.41)

and the quasilongitudinal wave is

(]1) - (2,;)”2{(;,4, + o sINT U 4 gy cos™ 0

/g

ey + nsin® 0 + gy cos® 0 — 4C) 10 (3.42)
where

C = (¢4 SN2 0 4 43 cO8* O) ey, SINT O + gy cOs M)
e (Can b Ca0) SIN () COS* L.
Curves are shown in Fig. 3.18.

C. PURE MODE DIRECTIONS

In anisotropic media acoustic plane waves do not usually have particle
motion polarized either paraliel or normal to the wave vector. Pure longitud-
inal and pure transverse polarizations occur only for certain wave vector
directions, called pure mode directions. These may occur in both symmetry
and noasymmetry directions.
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kylw
{k/w), Quasnshear\ //,z‘»»:—— @
24x1074-=
(k/w), Pure shear, sfm [T P
X-polarized (@ {k/w), Quasilongitudinal

W

kylw

. 4p
n ( T -
Cap Oy + 200 F Vi(Cy — oy)®

o (p/(.22)11’2
@ (pleg)'®

)uz
S Ao + )

4P /2
o (-« / 5 A))
Cay ot Cyy F 20— Vicg = Ol Aoy oo)?

& Cpleg)'?
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FIGURE 3.18. Orthorhombic. Propagation in the YZ plane. Curves are
for barium sodium niobate, with the piczoeleetric effect negleeted.

C.1  Symmetry Directions
Propagation in
One pure shear mode,

Propagation Normal 1o a
One pure shear mode,

a Symmeiry Plane
polarized normal to plane.
2-fold, 4-fold or 6-fold Axis
polarized parallel to axis.

Propagation Along A 2-fold Axis

All mod

Propagation Along a 3-

All mod

€5 are pure.

-fold, 4-fold or 6-fold Axis
€5 are pure.

Shear modes are degenerate.
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.2 Nonsymmctry Directionst

C.2a Hexagonal

Cyy — 2Cq — €

2 i 44 13
COt” f = R
Cay — 2Ca4 — €y

C.2b  Trigonal (32, 3m, ._?m)

X

447

(€53 — 2¢40 — €13) €0t 0 + 3¢y, cot*  — (€7 — 2¢4q — €35) cOL B — € = 0.

T After K. Brugger, “Pure Modes for Elastic Waves in Crystals,” J. Appl. Phys. 36,

759 768 (196S).
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C.2¢ Trigonal (3, 3)

,
€5

tan 3¢ = —

C1q

(e3y — 2¢40 — g’
tan®  + 1Y L N
- ’(“_‘T(f)__—“ cupg” — {tan b+ ey — 204 — i34
(Gtan" ¢ — 1)
Y 3
and + D7 o,
Jun® ¢ — |

C.2d  Tetragonal (4mm. 422, 42m, 4[mmm)

ACOUSTIC PLANE WAVE PROPERTIES

Jove = deqq — 2(eqy — Co6) — Cﬁ}lm

[ 2(eyy = 2egq — Cz)

cot (}/1

1/2
Cip — 20qq — €
cotl), = (—3—1-‘*—————“’4 ‘3) .

Cay = 204 — Cpy

|

C.2e¢ Tetragonal (4, 4, 4im)

—dcy

tan4¢ . =

. . 2,
Cyp = O S04

w

(i’mi == 4 - i,/)me:'

(k)
('er).\'

— [ tan® ¢, + 1 ;( 2 + (€)= 246 — ¢12)2 lan* ¢,
= - ‘1 7 L0y 7 Oy ;

Can — 2C44 - Cl:ll " ® tand‘ d)mv' - 6 ({IHZ (bm'i + I
(k)
(ky) x

_ [ tan® ¢, + 1

Cyg — 2044 — Oy

((711 - 2(‘66 - ('12)2 tanz qsmv(
s d 2
tan qsma ~ 6 tan ‘?6,,,(, + !

Ciy — 2€44 — Cyq +

Note that ¢, and ¢, are the same as % and 5 in Fig. 313
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C.2f  Orthorhombic

cotfl, = (‘J_LZ' 2(’5:,_:- ¢
i

— 2

172
mxg)
Cay ~ 205, — Cia

) 1/2
Ty Aoy Cas
cotf) | == (._3_3.“_..,,_._14 z,_;)

Cy3 — 2(—'44 = Cay

—e

tan ¢, =[0G = C) — By DOy
(k) x

{ BB, — A) — 4,8,

A = C1 = 205 — Cry By = S 2044
Ay = ey — 204 — oy By = ¢y — 2c6

™ Cyg

}1/2
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h
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art
du
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WV
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|
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|
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