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2. Methods

2.1. Definition of Slepian Functions

Given a phenomenon such as the GRS winds and its
accompanying gravity� eld, that is con� ned to a speci� c
region, the Slepian functions form a basis set speci� cally to
maximize the phenomenon representation inside the region,
and minimize it outside the region. This is in contrast to the
traditional spherical harmonics that are set to represent global
signals with no preferences to speci� c regions. We follow here
the derivation given by Simons et al.(2006), Sections 3.3 and
4.1, for Slepian functions concentrated over an arbitrarily
shaped region constructed from a band-limited set of spherical
harmonic functions. Letg r( ˆ), a real-valued function on a unit
sphere, be given by a spherical harmonic expansion to
bandwidthL,
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wherel andm are the degree and order, andΩ is the area of the
sphere. De� ning the spatial and spectral norms as
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whereR is the region of interest, the problem of maximizing
the spatial concentration ofg becomes
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The ratio0 1�M< < is a measure of the spatial concentration.
Using Equations(1) and(2) this measure can be written as
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The problem can now be formulated as an
L L1 12 2+ ´ +( ) ( ) algebraic eigenvalue problem

Dg g. 4�M= ( )

The solutions to this equation form the Slepian basis of
concentrated functions in the regionR. Each solutiong is a
vector including the amplitudes of each of theL 1 2+( )
spherical harmonics used in the de� nition. The number of
meaningful functions(that are well concentrated in the regionR
of areaA) depends on the bandwidth and the fractional area of
the region of concentration, and can be calculated using the
Shannon number
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where i�Mare the solutions to Equation(4).
We can now de� ne the basis of Slepian functions for the

region of interest. We de� ne it as an ellipse centered at 273°E
and 16°S that spans 20° in longitude and 30° in latitude. This is
similar in longitudinal range to the region of strong winds

(Figure1(b)), but is larger in latitudinal range and somewhat
shifted northward to account for the actual gravity signal
(discussed in Section3).

Equations(1)–(5) de� ne the canonical Slepian functions of
Simons et al.(2006), but here we restrict the range of all of the
sums to only include harmonics withl= 1 throughl= 30 and
m= 1 throughm= l. Furthermore, as the zonal harmonics
(m= 0 for all l) are used in the Juno gravity analysis we
exclude them from the Slepian functions. We also exclude allm
for l= 1 throughl= 4 because the low-degree tesseral� eld
may be related to large-scale structure and might be needed for
the overall Juno analysis. This ensures that when incorporating
the GRS Slepian functions in the Juno gravity analysis, there
will be no ambiguity in the values of the spherical harmonics.
Our Slepian functions are selectively band-passed rather than
band-limited, and they remain mutually orthonormal as well as
orthogonal to the spherical harmonics of the excluded degrees
and orders, avoiding contamination with their previously
determined coef� cients. The calculated� rst eight Slepian
functions are shown in Figure2, and with the Shannon number
beingN= 10 we will use in the analysis the� rst 10 functions
to reconstruct the GRS gravity� eld.

2.2. The GRS-induced Gravity Signal

We de� ne the� ow structure involved in the GRS similarly
to Parisi et al.(2016) and Galanti et al.(2017a) to be

u ur r
a r

H
, , , , exp , 6cyl� R � G � R � G= -

-⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( )

where u u r v r, , , , ,cyl cyl cyl� R � G � R � G= [ ( ) ( )] is the observed
cloud-level wind(Figure1(b)), projected along cylinders after
its zonal mean is subtracted,a= 69,911 km is the planet mean
radius, andH is the exponential decay scale of the cloud-level
wind. Note that the exact nature of the decay function might
change for the analysis of the actual measurements(e.g., Kaspi
et al.2018).

Due to the strong winds around the vortex the geostrophic
gradient creates a density anomaly with respect to its
surroundings, that can be calculated via thermal wind balance,
namely

u g2 , 70� 8 � ‹� S � S=  ¢ ´( · )[ ] ( )

whereu r u v,0 0=( ) [ ] is the 3D velocity,�8 is the planetary
rotation rate, r�S ( ) is the background density� eld, g r0 ( ) is the
mean gravity vector, and r, ,�S � R � G¢( ) is the dynamical density
anomaly(Pedlosky1987; Kaspi et al.2009). Other effects not
included in this balance, such as the anomalous gravity and
centrifugal forces induced by the density anomalies(Zhang
et al.2015; Cao & Stevenson2017), were shown, for the large-
scale stronger zonal� ows, to have a small effect on the gravity
solutions(Galanti et al.2017b; Kaspi et al.2018). In the case of
the GRS winds, where the zonally mean wind is excluded, this
holds even more so as the induced density anomalies are local
to the GRS region and the induced gravity anomalies are
negligible. The balance also does not include the effect of the
centrifugal force acting due to curvature of the� ow (gradient
� ow, Holton2004). This effect implies, for the GRS winds, an
increase of about 5% in the accompanying density anomalies.

The gravity signal at the surface of the planet resulting from
the density perturbations�S¢ can be calculated(Galanti et al.
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2017a) either directly or using spherical harmonics coef� cients
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where l 2 and m 0 are the degree and order of the
expansion, respectively. The spatially dependent gravity� eld
in the radial direction is then
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2.3. Using Slepian Functions to Define the GRS Gravity

Given a set of Slepian functionsgi (Equation(4)), expressed
as a combination of spherical harmonicsClm

gi and Slm
gi , and a

thermal wind solution for the GRS gravity signal de� ned by
Clm

TW andSlm
TW (Equations(8) and(9)), the combination of the

Slepian functions that best describe the GRS gravity� eld can
be found by minimizing
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where i�B (the amplitude of the Slepian functions) are the
parameters to be optimized. A solution fori�B is found by

solving

A B, 11�B= ( )

where
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Therefore, given a gravity� eld concentrated in the GRS region
(expressed in terms of spherical harmonics coef� cients
C S,lm lm

TW T W) that � eld can be represented by a set of Slepian
functionsC S,lm

g
lm
gi i weighted by the coef� cients i�B.

The Slepian functions are de� ned at the planet’s surface, but
in practice they have to be projected upward to the location of
the Juno trajectory, where the gravitational pull on the
spacecraft is acting. Theoretically, this could lead to degrada-
tion in the orthogonality of the Slepian functions(Simons &
Dahlen 2006; Plattner & Simons2017). The degree of the
degradation is a function of the ratio between the target altitude
and the radius of the planet, as well as the number and
complexity of the Slepian functions used. For the case of the
Juno trajectory over the GRS the altitudes of relevance range
are from around 4000 km at perijove to around 15,000 km.
Only at the outer edge of this range is the uncertainty in the
measurement expected to surpass the gravity signal generated
even in cases of very deep winds. The projection of gravity
signal resulting from both the TW solution and that
reconstructed using the Slepian functions can be calculated
by multiplying each coef� cientCl m

g
,

i , Sl m
g
,

i andCl m,
TW, Sl m,

TW by the

factor a

a h

l 2

+

+( ) , whereh is the altitude to which the gravity
� eld is projected andl is the degree of the spherical harmonics.
Performing this analysis for the range of wind depths discussed

Figure 1. (a) JunoCam picture of the GRS obtained on 2017 July 17(Figure 4 from Sanchez-Lavega et al.2018). (b) The nonzonally averaged winds(wind vectors in
arrows and magnitude in colors) in the GRS region based on the 2000Cassini� yby (Choi & Showman2011).
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