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SUMMARY

We present a statistically and computationally efficient spectral-domain maximum-
likelihood procedure to solve for the structure of Gaussian spatial random fields within
the Matérn covariance hyperclass. For univariate, stationary and isotropic fields, the three
controlling parameters are the process variance, smoothness and range. The debiased
Whittle likelihood maximization explicitly treats discretization and edge effects for fi-
nite sampled regions in parameter estimation and uncertainty quantification. As even
the ‘best’ parameter estimate may not be ‘good enough’, we provide a test for whether
the model specification itself warrants rejection. Our results are practical and relevant for
the study of a variety of geophysical fields, and for spatial interpolation, out-of-sample
extension, kriging, machine learning and feature detection of geological data. We present

procedural details and high-level results on real-world examples.
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1 INTRODUCTION

What numbers, which statistical notions capture the ‘essence’
of a spatial patch of geophysical data? If it were a stationary,
white, Gaussian process, simply, its population mean and vari-
ance would be sufficient. However, computed over differing win-
dow sizes or at varying resolution, sample means and variances
of geophysical data sets fluctuate non-erratically, hence ‘white-
ness’ immediately proves to be an untenable assumption. Re-
porting summary statistics over changing baselines (e.g. V.L.
Sharpton & J.W. Head 1985; O. Aharonson et al. 1998; C.H.
Grohmann et al. 2011; M.A. Rosenburg et al. 2011, for Earth and
planetary topography) effectively subscribes to the data as real-
izations from a spatially correlated (locally stationary, Gaussian)
process. Estimating even just the variance of said field (that is,
at a point), with little bias (that is, accurately) and with a reason-
able estimation variance (that is, precisely), requires knowledge
of the covariance (between pairs of points), and an acknowl-
edgment of the inherently finite nature of the available spatial
patch over which a single (geological) process can be thought of
as representative. We are led to the estimation of (the parame-
ters of) a spatial covariance function, or alternatively and equiv-
alently, of a spectral density function, from (hopefully locally)

stationary sampled data that are (irregularly) bounded (see e.g.
A.P. Valentine & D.R. Davies 2020). The first (spatial estimation)
is notoriously noisy since it requires finding data pairs at in-
creasing offsets and computationally time-consuming when it
entails inverting a covariance matrix (see e.g. K.V. Mardia & R.J.
Marshall 1984; P.K. Kitanidis & R.W. Lane 1985; A.V. Vecchia
1988; J.P. Grainger et al. 2021). The second (spectral estimation),
while typically faster and less noisy, is famously affected by alias-
ing, finite-field and edge effects (e.g. M.L. Stein 1995; T. Appour-
chaux et al. 1998a, b; A.J.S. Hamilton 2009a, b). Fourier-domain
artifacts lead to estimation bias especially for multidimensional
data sets, where the nefarious influence of boundary terms dom-
inates the mean-squared error (R. Dahlhaus & H. Kiinsch 1987).

Estimating model parameters of random fields typically relies
on spatial (J.T. Kent & K.V. Mardia 1996) or spectral (P. Whit-
tle 1953) likelihood maximization. If the former is often slow to
compute, and the latter suffers from potential boundary effects,
there are notable modifications to both. For the spatial methods,
Vecchia approximations to Gaussian log-likelihoods are fast and
accurate (see e.g. M. Katzfuss & J. Guinness 2021; E. Porcu et al.
2024). Circulant-embedding based methodologies (J. Guinness
& M. Fuentes 2017; J. Guinness 2019) effectively recompute the
Fourier basis rather than assuming it known from homogeneity
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in space. Vecchia-type approaches do require a local neighbour-
hood for prediction, chosen appropriately. Some of these meth-
ods are discussed relative to spectral approaches both in theory
and via simulations by A.P. Guillaumin et al. (2022), who fur-
thermore introduce adjustments to correct for partial-grid and
boundary effects with the spectral methods, developing a large-
sample theory for the appropriate asymptotic framework, upon
which we build in this paper.

Common choices for parametrized covariance functions of
Gaussian random fields are exponential or squared-exponential
forms (e.g. A. Tarantola & A. Nercessian 1984; J.P. Montagner
1986; O. Gudmundsson et al. 1990; A.M. Baig et al. 2003; A.M.
Baig & F.A. Dahlen 2004), defined solely by a variance and a cor-
relation range. Both are special cases of the B. Matérn (1960)
class of covariance functions (P. Guttorp & T. Gneiting 2006),
with a specific smoothness or mean-squared differentiability
(R.J. Adler 1981; G. Christakos 1992), itself an inversion parame-
ter of interest in a multitude of geophysical application domains
such as seismology (e.g. R.S. Wu & K. Aki 1985; R.S. Wu & S.M.
Flatté 1990; T.W. Becker et al. 2007; S. Carpentier & K. Roy-
Chowdhury 2007), seafloor bathymetry and oceanography (J.A.
Goff & T.H. Jordan 1989a, b; J.A. Goff & B.K. Arbic 2010; D.T.
Sandwell et al. 2022;J.D. Simon et al. 2026), helioseismology (e.g.
L. Gizon & A.C. Birch 2004), hydrology (e.g. I. Rodriguez-Iturbe
& J.M. Mejia 1974; P.X. Kitanidis & R.W. Lane 1985), meteorol-
ogy and climate science (e.g. M.S. Handcock & J.R. Wallis 1994;
C.J. Paciorek & M.J. Schervish 2006; F. Lindgren et al. 2011; G.R.
North et al. 2011; Y. Sun et al. 2015).

In this paper we present a univariate spectral-domain debi-
ased ‘Whittle’ maximum-likelihood procedure (F.J. Simons &
S.C. Olhede 2013; A.P. Guillaumin et al. 2017; A.M. Sykulski
et al. 2019) that estimates the variance, smoothness and range
of an isotropic Matérn Gaussian process, from sampled spatial
data. We show how to obtain unbiased estimates for these size,
scale and shape parameters when the region studied is neither
rectangular nor circular nor completely sampled. We exactly cal-
culate their estimation covariance, correctly blurred for finite-
field effects and without neglecting commonly omitted wave
vector correlation effects, such that the results from differently
sized and sampled patches can be compared robustly. We de-
velop and comprehensively illustrate our algorithms for com-
pletely sampled rectangular data sets.

While process variance estimation necessitates recognizing
the effects of spatial covariance, which is aided by the ability to
extend the size of the observation domain, intuitively ‘beyond
the reach of the range’, conversely, to characterize the smooth-
ness of a process requires neighbouring observations that are
highly correlated. In other words, both increasing (growing) do-
main and fixed domain (infill) asymptotics (and mixed-domain,
see T. Chu 2023) are relevant considerations (see e.g. H. Zhang
2004; H. Zhang & D.L. Zimmerman 2005) that we are, how-
ever, unable to fully address in this paper, although the com-
puter code that we freely distribute (see Section 7) is designed to
give the reader all the tools in hand to be able to do so. Neither
form of asymptotics is a panacea, and, furthermore, an unfortu-
nate aspect of the Matérn class is that in two dimensions, nei-
ther the variance nor the range are consistently estimable under
fixed-domain asymptotics, although there is a nonlinear func-
tion of them and the smoothness that is (see M.L. Stein 1995).
A.P. Guillaumin et al. (2022), who provided the theoretical ba-
sis for our work, introduced the notion of significant correlation
contribution as a means of capturing whether a covariance

function under a given spatial sampling mechanism allows us to
distinguish parameter values. It cannot eliminate intrinsic prob-
lems with the flexibility of the Matérn family, and in some sce-
narios it may indeed be beneficial to fix the smoothness. While
the full theoretical framework allows us to determine when we
are able to estimate a specific Matérn family with a given sam-
pling mechanism, it is our goal, with this paper, to provide suffi-
cient, but not exhaustive, guidance, accompanied by computer
code, to make Matérn covariance estimation practical and sen-
sible for geoscientists.

Our results have widespread implications for the study of geo-
physical fields, and should be interpreted in the light of our
trying to derive ‘process’ from ‘parameters’, the end goal be-
ing to be able to assign likely formation mechanisms and his-
tories for the patches under consideration. Our results should
also be relevant for whomever needs to perform spatial interpo-
lation or out-of-sample extension (e.g. via kriging) on geological
data (A.G. Journel & C.J. Huijbregts 1978; G. Christakos 1992;
N. Cressie 1993; M.L. Stein 1999). They also carry consequences
for machine learning and feature detection (C.E. Rasmussen &
C.K.I. Williams 2006; E. Porcu et al. 2024). We present proce-
dural details but also focus on high-level results that have real-
world applications. We illustrate our methodology on four geo-
logically and geophysically relevant data sets, assuming station-
arity within patches that have been selected via user interpreta-
tion.

2 PRELIMINARIES

Readers wishing to come to terms with the geological, geophys-
ical and geodetic definitions of ‘relief’, ‘topography’ or ‘eleva-
tion’ are directed to K. Lambeck (1988), B. Hofmann-Wellenhof
& H. Moritz (2006) and M.A. Wieczorek (2015). To make the
jump from geology and geophysics to statistics, particularly in
this context, we first and foremost recommend (re)reading J.A.
Goff & T.H. Jordan (1988, 1989a), who also discuss anisotropic
processes. The material in this section is both an extension and
a specialization of the multivariate results of F.J. Simons & S.C.
Olhede (2013), which is to be consulted for further details. Here,
we use a more explicit notation, adapt some of the normal-
izations and make a number of modifications—but most im-
portantly, we restrict our analysis to univariate 2-D Cartesian
isotropic Gaussian fields.

2.1 Continuous framework

Here we draw most heavily on sections 2.1 and 4.1 of F.J. Si-
mons & S.C. Olhede (2013). Referring furthermore to D.B. Per-
cival & A.T. Walden (1993), M.L. Stein (1999), and E. Vanmar-
cke (2010) for additional considerations and terminology, to M.
Abramowitz & I.A. Stegun (1965) and 1.S. Gradshteyn & I.M.
Ryzhik (2000) for properties of special functions, we begin by
defining the particular quantities of interest in the spatial and
the spectral domains.

2.1.1 Stationarity

A geophysical field H(x) is considered to be a zero-mean,
finite-variance, stationary, 2-D random field with finite second
moments. Under what is known as the H. Cramér (1942) repre-
sentation, there exists a spectral orthogonal-increment process,
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dH(k), according to which the spatial field

H(x) = f / &% dH(k),

The integration is over the space containing all wave vectors k.
In the case of strict bandlimitation or very fast spectral decay we
may restrict the computations to the Nyquist plane [—7, 7] x
[—7, 7]. The expectation of d# (k) over many realized fields,

(dH(k)) =0, @)

x € R2. €Y)

and its variance, in the absence of covariance between wave vec-
tors, defines a power-spectral density, S(k), in the form of the
expectation

(dH(k)dH(K)) = S(k)dkdk' s(k, k), 3)

where §(k, k') is the Dirac delta function. When eqs (1)-(3) hold,
the spatial auto-covariance, C(x, X'), displays stationarity by be-
ing dependent on separation, x — X, only, since in that case we
can write for the expectation of the two-point spatial-domain
products

(HEH (X)) = / / R EXS(k) dk = C(x — X). 4)

The spectral variance (at wave vectors k) and the spatial co-
variance (in lag variables x) form a Wiener-Khintchine Fourier
pair,

C(x) = // e*xS(k) dk, (5)
— L —ik-x
S(k) = (271)2_/ C(x)e dx. (6)

The zero-wavenumber intercept of the spectral density is the ze-
roth moment of the spatial covariance:

! / C(x)dx. 7

5O =Gy

2.1.2 Isotropy

Under isotropy, abusing notation, S(k) = S(k), depending only
on the scalar wavenumber k = |k||. Integrating over the polar
angles to bring out Jy, the Bessel function of the first kind and of
order zero, the spatial covariance,

(HEOH ) = 27 /Jo<k||x — xS kdk=C(lx - X1).  (8)

is dependent on distance, ||x — x'||, not direction. Since J,(0) =
1, the isotropic spatial variance is then given by

(HEH (%)) =27 / S(k)kdk = C(0) = o>. )

Introducing the distance variable r and integrating over the an-
gular polar coordinate, we rewrite eq. (7) as

S(0) = % /C(r)rdr. (10)

We follow E. Vanmarcke (2010) in adopting the term ‘“fluctuation
scale’ for S(0)/02, the mass of the spatial correlation function
C(r)/o?.

Isotropy remains a restrictive—but testable—assumption,
which we will be relaxing in forthcoming work. Any future dis-
cussion of anisotropy will entail evaluating it against the null-
hypothesis of isotropic behaviour, in the possible presence of
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anisotropic sampling patterns, for which this paper provides all
the necessary statistical machinery.

2.1.3 Matérnity

We further specify the field as a member of the Matérn class
(M.L. Stein 1999), which is very general and widely applica-
ble to processes with monotonically decreasing autocovariance
(P. Guttorp & T. Gneiting 2006). The isotropic d-dimensional
Matérn spectral density Sg(k) assumes the parametrized form
(M.S. Handcock & J.R. Wallis 1994; K. Wang et al. 2023)

v —v—d/2
Sg’(k): F(v+d/2) o2 ( 4v > ( 4p +k2> Can

rw) 742 \ 72p2 T2p?

where I is the gamma function, and which, in two dimensions,
d = 2, as we subsumed earlier and maintain from now on, spec-

ifies to
,Tp: [ v 4y ) -t
Sp(k) =0 e <ﬂ2p2> oy +k . (12)

With this model, our principal unknowns are its three strictly
positive parameters, denoted generically as# > 0, which we col-
lect in the set

0=1[c*v p]". (13)

The ‘variance’, o2, indeed satisfies eq. (9) upon substitution with
eq. (12). At short wavelengths, when k is large, the spectrum
Sy(k) decays at a rate that depends on the ‘smoothness’, v, which
expresses the [v — 1] times (mean-squared) ‘differentiability’ of
the process (M.S. Handcock & M.L. Stein 1993). The behaviour
at the longest wavelengths, for small k, is controlled by the com-
bined effect of 62 and p. The fluctuation scale

§(0) _ 7p?
o2 4

(14)

The isotropic Matérn spatial covariance Cy(r), in terms of the
lag distance r, is unlike its spectral counterpart (11) in requiring
no dimensional specification, that is, independently of d,

1w 1\ 1
Co(r) = 022 (2])r> K, (2‘” r) , (15)
rw) \ np TP
with K, the modified Bessel function of the second kind. The
asymptotic behaviour K, (z) — I'(v)(z/2)""/2 for small z, ver-
ifies that Cy(0) = 0% as in eq. (9). For low values of v, further-
more, Cy(7 p) ~ o%/3. In other words, spatial correlations gener-
ally die down by a factor of about two-thirds at distances beyond
r ~ 7 p, hence the name for the third parameter, the ‘correlation
length’ or ‘range’, p.
The power accumulated over a certain wavenumber interval,
counting from the origin, is given by the distribution function

k
Py(k) = 27 f Se(K) K dk/
0

— o2 [1—( j‘)2>v( ?)2 +k2>7v]. (16)
72p 72p

As expected Py(0) =0 and Py(oco) =02 We define the
wavenumbers k, at which the power reaches 100 x o per
cent of the total,

Po(ky) = ac?, 17)
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Figure 1. Random fields generated from stationary isotropic Matérn models with variances o2, differentiabilities v and correlation lengths p, as indi-
cated. (Top:) Normalized spectral densities, Sp(k)/Sy(0), from eq. (12). The vertical black lines identify the wavenumbers k,, at which the power reaches
100 x « per cent of the variance, from eq. (18), in wavelengths 190, = 277 /ky, as labelled. (Middle:) Correlations, the normalized spatial covariances,
Cy(r)/o?, from eq. (15). The vertical blue lines are drawn at the values 7 p, the distances at which the correlations die down to approximately one third
of the variance. (Bottom:) Field realizations. The blue circles have radii 7 p, drawn for visual guidance. In the titles, m and s identify the sample means

and standard deviations.

which, from eq. (16), is solved analytically by
k, = 203
7P

It can be readily verified that k, = 0 and k; = co. For conve-
nience, we express the equivalent wavelengths in the notation
Mooe = 27 /ky.

The flexible generality of the Matérn class is appreciated
by evaluating the correlation functions for special values of
v (P. Guttorp & T. Gneiting 2006). Notably, when v =1/2,
the correlation function decays exponentially, and when v —
00, as a Gaussian—a squared exponential. Other examples in-
clude the Von Karman (v = 1/3), Whittle (v = 1), and second-
order (v = 3/2) and third-order (v = 5/2) autoregressive cor-
relation models. Despite all of its generality and wide appli-
cability, the exponentially decaying, isotropic, three-parameter
Matérn model cannot capture all random fields under study.
It is not identifiable with (multi-) fractal, scale-invariant, self-
affine or self-similar behaviour (see e.g. J.C. Mareschal 1989;
U.C. Herzfeld et al. 1995; T. Gneiting et al. 2012; F. Landais
et al. 2019), as it is self-affine only at high wavenumber. For

1
2

[A =)™ —1] (18)

temporal processes, J.M. Lilly et al. (2017) discuss when the
Matérn process is more appropriate to use than fractional Brow-
nian motion. Developing a general set of methods outside
these constraints, for example, when the spectrum is no longer
bounded (I.S. Reed et al. 2002), remains outstanding as future
work.

Fig. 1 provides intuitive insight into the role that the three pa-
rameters o2, v and p play in the spatial behaviour of Matérn ran-
dom fields, synthesized by the circulant embedding procedure
outlined in the next section.

2.2 Lattice framework

Here we rely mostly on sections 2.1, 4.2 and A6 of F.J. Simons &
S.C. Olhede (2013). The properties of the finite and sampled, that
is, windowed discrete processes, as will be experienced in com-
putational data analysis, differ markedly from the behaviour of
the idealized, infinite, continuous models discussed in the pre-
vious section, and those two viewpoints need to be explicitly rec-
onciled.
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2.2.1 Discretization

For simplicity of notation, x now maps out a rectangular
K =M x N grid of ‘pixels’ with spatial steps Ax and Ay given
by

x = {(m Ax, n Ay)}, for
m=0,.... M—1 and

n=0,...,N—1. 19)

We define the discrete Fourier transform of the noiseless mea-
surements of the spatial process #(x) obtained after sampling
as

H(k) = % (A"Ay ) Z?—l(x)e’lkx (20)

Sampled in spectral space, the finite set of wave vectors is now,
with m and n as in eq. (19),

k= (ka ky)
NG s D) e
MAx 2 NAy 2
and on this complete Nyquist grid we now identify eq. (1), con-

sistently with eq. (20), with

(Z\/I]ViiA) Z elkXH(k) (22)

HEX) =

2.2.2 Blurring

Obtaining space-domain realizations from a population of ran-
dom fields specified by a certain spectral density such as given
by eq. (12) is possible by generating Fourier coefficients H(k),
as in eq. (20), directly on the spectral grid (21), and by inverse
Fourier transformation, as in eq. (22), on to the spatial grid (19).
These H(k) should be drawn from a zero-mean complex proper
Gaussian distribution, with expectation zero, (H(k)) = 0, and
with a covariance (H(k)H*(k)) that will be influenced by the
chosen size, shape and discretization of the region under con-
sideration; that is, it will be different from the theoretical quan-
tity (dH (k)dH*(K)) of eq. (3), which involved the true density
Sy(Kk).

F.J. Simons & S.C. Olhede (2013) showed the covariance of
a finite set of gridded Fourier coefficients can at best offer a
blurred and correlated version of the true spectral variance (see
also D. Fournier et al. 2014). To us, their eq. (9) reads, using
Sp(k) = Sp(k) from our eq. (12),

(HKH(K)) = H Dy(k — KDk — k")Sy(k")dk”, with
k

DK(k) 1 <A1;fly) 2 Z e—ikx’ (23)

X

whereby Dx (k) is the Dirichlet kernel, the suitably normalized
discrete Fourier transform of the unit sampling operator. They
simulated fields by incorporating the blurring but ignoring the
correlation, that is, following their eqs (12) and (83), they ap-
proximated eq. (23) as

(HKHK)) ~ sk, K) ﬂ Dk (k — K)[* Sy(K) dK’
k

= S5k, K). (24)

The blurred spectral density Sy(k) is the convolution of the true
spectral density Sy(k) with the Fejér kernel |Dg(k — k')%, which
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embodies the effects both of sampling and finite domain size,
and reduces to the Dirac delta for continuous processes on in-
finite domains. F.J. Simons & S.C. Olhede (2013) carried out
the blurring approximately, via grid refinement, convolution and
subsampling.

A.P. Guillaumin et al. (2022), in contrast, in their Lemmata 1
and 2, showed how to exactly incorporate the spectral blurring
effect of applying arbitrary data windows (see also M. Fuentes
2007), including irregular boundaries and incomplete sampling,
at a much reduced computational cost. We rewrite the discrete
Fourier transform in eq. (20), which silently selected samples on
the grid x but did not modify or weight them, to incorporate a
non-constant, unit-normalized, data window, w(x), as follows:

H(K) = % (AxAy ) Zw(x)’hﬂ(x)e“kx (25)

Using the definition in eq. (4), the sample variance of the win-
dowed Fourier coefficients is

var ()} = g (5i') £ ZwEWE)Co (x —x) e 00,

(26)

= (2;1)2 (Az\;ﬁry) > <

y

> wEwx — y)) Co(y)e ™V, (27

X—yNx

following a change of variables and a change in the order of sum-
mation, noting that the first sum is over the separation grid

y = {(m'Ax, n' Ay)},
=-M+1,... M—1,andn' =—-N+1, ...,

with the mirrored index sets
N -1,

(28)
and the second sum, for each element of y, over the subset of
x —y that belongs to the original grid x, so as to stay within the
original integration domain. Our manipulations allow us to iso-

late and sum out the interior term, which we rewrite more ex-
plicitly as

wy)= Y.

max(x—y.,[y|)

wewx -y = Y

min(x—y.lyl)

wEWE + |y)).

(29)

Reviewing what this implies for the variance of the Fourier co-
efficients of a windowed and sampled field H(x), we rewrite
eqs (26)-(27) as

var {H(k)} =

1 ( AxAy

(2 )2 >Z W(y)Co (y) e Y =8y(k). (30)

Eq. (30) is the exact version, valid for arbitrary data windows,
of what F.J. Simons & S.C. Olhede (2013) implemented approx-
imately and only for rectangular windows by discrete convolu-
tion of the theoretical spectral density Sy(k) with the Fejér ker-
nel [Dx(K)|?, as in eq. (24). In that special case of a unitary win-
dow function, that is, for complete observations on a rectangular
grid, eq. (29) evaluates to the triangular

W({y) =M — [m' )N — [n']). (31

Generating Fourier coefficients H(k) from the square root of
the blurred spectral density Sy(k) of eq. (30), as F.J. Simons
& S.C. Olhede (2013) did as a basis for simulation, ignores
wavenumber correlation effects. In that case samples need to be
generated on a spatial grid larger than needed, retaining only
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Figure 2. The Fejér blurred spectral density Sy(k) approximates the expectation of the periodogram |H(k)|?, of gridded and cosine-tapered data gen-
erated from the population density Sp(k). (a) A single realization H(x), (b) its modified periodogram |H(k)|?> and (c) the blurred spectrum Sy(k). (d)
The cosine-tapered unit window, (e) the ratio of the average periodogram to the blurred spectral density and (f) the average periodogram, over 100

realizations.

a central portion for analysis, to avoid wrap-around correlations
or periodic realizations. Constructing spatial patches via eq. (22)
on the space grid (19), the covariance of the results, (H(x)H(x')),
may be understood as a discrete approximation of the integral in
eq. (4), with the spacings defined in eq. (21). Hermitian symme-
try guarantees that the simulated fields are real, and their covari-
ance

(HEHEX)) = Co(x — X)), (32)

is stationary. Furthermore, for large sample sets, Y, Sp(k) ~
> Se(k), which establishes the desired correspondence

QP TS

var{H(x)} ~ (MNAxAY)

(33)

Eq. (30) shows that the expected periodogram of the data,
var{H(k)} = (|H(k)|?), can be obtained via Fourier transforma-
tion of the autocovariance sequence of the sampling window.
Fig. 2 shows this equivalence. From a sequence of simulations,
we show, in Figs 2(a)-(c), one spatial-domain field H(x), its peri-
odogram |H(k)|? on the corresponding normalized Fourier grid
and the expected periodogram, the blurred spectrum Sy(k), for
the parameter set # shown at the top, o2 = 1 (in arbitrary field
units), v = 2.5and p = 1 (in units of the spatial grid spacing). In
Figs 2(d)-(f), we show a unit-normalized square window cosine-
tapered around the edges, the ratio of the average periodogram
to its expectation, mean{|H(k)|?}/S,(k), with its sample mean
m and standard deviation s, and the average of the periodograms
across 100 realizations, the sample variance var{H(k)}, which
approximates the blurred spectrum S, (k) shown directly above.

2.2.3 Simulation

Eq. (23) shows that the covariance of a finite set of gridded
Fourier coefficients suffers both from blurring by the sampling
kernel, as we have just illustrated and calculated explicitly, but

also from correlation between the wavenumbers. To prepare for
what is coming, we note, first, that if the off-diagonal terms
in (H(k)H*(K')) decay rapidly enough, one could ignore them
as the basis for simulations, taking (H(k)H*(k)) ~ Sy(k) as a
point of departure, whether calculated on the interior domain
of a doubled grid, using grid refinement, discrete convolution
and subsampling to approximate S, (as was done by F.J. Si-
mons & S.C. Olhede 2013), or exactly, via eq. (30). Here we
do take wavenumber correlations into account for data simu-
lation by switching to space-domain methods that use the spa-
tial covariance, eq. (15), as their point of departure, via circulant
embedding of the covariance matrix (D.P. Kroese & Z.I. Botev
2015). Secondly, we will show empirically that we are able to ig-
nore them when designing the debiased-Whittle likelihood (A.P.
Guillaumin et al. 2017; A.M. Sykulski et al. 2019) to perform pa-
rameter estimates from sampled data, which is a central feature
of this paper and its predecessors. Finally, we show that they
will, however, play an important role in the calculation of the
estimation variance of the maximum-likelihood estimates, us-
ing the results obtained by A.P. Guillaumin et al. (2022), and we
discuss various algorithms to conduct the relevant calculations.
This last fact stands in apparent contradiction to the material
discussed by F.J. Simons & S.C. Olhede (2013), their sections A6
and A8, which, in retrospect, have proven to be overly optimistic,
asymptotically.

3 WHITHER WHITTLE?

In this paper we develop a maximume-likelihood procedure
that takes gridded input ‘topographies’ and estimates the three-
element sets 0, see eq. (13), that contain the parameters of the
isotropic Matérn spectral densities Sp(k) or spatial covariances
Co(r) by which we aim to sufficiently describe such planetary
data patches. Before proceeding, we take a brief detour to illus-
trate, for the example of the variance, o2, why we embark on this
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journey. Additional motivation and considerations are offered
by, among others, E. Vanmarcke (1983) and M.L. Stein (1999).

The variance o? of a demeaned sample patch is not well
estimated by its area-averaged sum of squares, which would
amount to

s = MLN > o Hx) - ﬁ(i’ﬂ(x))

Indeed, the expectation of the ‘sample variance’ estimator, s,
is biased by the covariance between the samples, which itself is
unknown. Using eqs (32) and (33), we find from eq. (34) that in
expectation, approximately,

1 e QPN SE 1 ,
SRRV Xx: (MNAxAy)  (MN)? XX: ; Colx =)

~ o2 — ﬁZZ@(x—x’) (35)

2

(34)

ot (27)*S(0)
MNAxAy

Eq. (35) applies quite generally, to stationary processes with
spectral density Sp(k) or covariance function Cy(x). The error
made in reducing the last term in (35) to the term in eq. (36)
should be interpreted as arising from the discretization of eq. (7).
The appearance of the blurred spectral density Sy(0) is due to the
finite-sample effects by which the spatial grid is relatively coarse,
and too small to comprise the lags at which the structure is
completely decorrelated. Only for, effectively, uncorrelated white
noise, Cy(x — x') = 028(x, X'), does eq. (35) reduce to the inde-
pendent and identically distributed bias expression (J.S. Bendat
& A.G. Piersol 2000)

(s?) ~ o (1 — L) ) (37)

(36)

MN

If the spatial grid is fine enough, that is, if the pixel sizes Ax
and Ay are small enough relative to p, the scale length of the
correlation, thus when the full behaviour of the spatial covari-
ance Cy(x) is being accurately captured by the sampling density,
S5(0) can again be substituted for $p(0) in eq. (36). In that case,
using eq. (14) yields the form applicable to the isotropic Matérn
density, namely

7(Tp)” ) . (38)

(s%) ~ o2 ( Sy e,

MN AxAy
While this last approximation is usually too crude for bias cal-
culations, eq. (38) does explain the expected behaviour that, the
larger p, relative to the area of the study region, the more corre-
lation will be present between the samples, causing us to under-
estimate the variance, and the more negatively biased the naive
estimator eq. (34) will be. In real-world applications we will of
course know neither the variance o nor the range p. Nor the
smoothness v, for that matter, knowledge of which might other-
wise help us design better estimators, with v held fixed.

Fig. 3illustrates the arguments made so far in this section, for a
variety of values of v and p, as a function of grid size, and where
the expectation of the estimate is formed by averaging over a
great number of experiments. The naive variance estimator s>
is biased, in a manner and for a reason that we understand intu-
itively, and are able to compute analytically. Rather than writing
down expressions for the variance of the naive variance estima-
tor s2, we will illustrate its behaviour on the basis of another suite
of numerical experiments.

Statistical analysis of geophysical fields 7

Fig. 4 (left panels) reveals that the estimation variance of s* is
generally high (relatively speaking), and decaying too slowly (for
our taste) with increasing grid size. In comparison, the quasi-
maximum-likelihood estimator that we develop in the next sec-
tion has properties that are far more favourable, as is readily,
if proleptically, illustrated by the second suite of experiments
shown in Fig. 4 (right panels, marked ‘MLE’). Saving the de-
tails of its construction for the next section, inspecting the fig-
ure reveals that, as soon as the data patch size exceeds the corre-
lation length of the Matérn process, the estimation variance of
the maximum-likelihood variance estimator is acceptably low.
Moreover, the estimation variance continues to decay at a pleas-
ing rate, suggestive of its asymptotic unbiasedness.

While the examples thus far may have appeared anecdo-
tal, they do convincingly hint at the agreeable qualities of the
maximum-likelihood estimators, which we now discuss in more
detail.

4 MAXIMUM-LIKELIHOOD THEORY

The material in this section is chiefly inspired by sections 4.3-4.8
and Appendix A6 of F.J. Simons & S.C. Olhede (2013). D.R. Cox
& D.V. Hinkley (1974) remains an excellent reference, though
more modern texts such as Y. Pawitan (2001) and T.A. Severini
(2001) are recommended. Our main device is the frequency-
domain (P. Whittle 1953, 1954) likelihood, modified to acknowl-
edge edge effects by blurring the spectral density function.

4.1 Finite large-sample theory

F.J. Simons & S.C. Olhede (2013) introduced £(#), the likelihood
for the Matérn parameters, which, as is at best acceptable only
for large sample sizes, ignores the blurring in the isotropic spec-
tral density Sp(k) as well as the correlation induced between
wavenumbers, in the form

£(0) = —ﬁ > [InSy(k) + S, (k) [HE)I?] . (39)
k

Its first derivatives, with respect to each of the parameters 6 €
0, are the components of the unblurred score vector y(0), given

by

ILO)

1
ve(0) = 8 - MN ;Wm(k) [1-8,'(0OH®)?], (40)

with, easily obtained via differentiation of eq. (12), and listed as
eq. (A2) in the Appendix, the required expressions
0S8y (k)

90

Its second derivatives, with respect to two arbitrary parameters
0,0’ € 0, are the components of the Hessian matrix F(6),

my (k) = S;'(k) (41)

_aw®) _ L0 1 [ amek)
Foo®) = —=30= = Z630° = “MN - { 30 (42)
(k
+ {m9(k)mef(k) - am;e( )} {8y (k) IH(k)IZ}},

with the non-vanishing derivatives d,my (k) given as egs (A3)
and (A4) in the Appendix.

The negative expectation of F(@) is the Fisher matrix F(0),
which does not depend on the data as (Sa’l(k) [H(k)|?) =1, and
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Figure 3. The sample variance s systematically underestimates the true process variance o 2. It is negatively biased by the presence of spatial correlation
embodied by the Matérn parameters v and p, listed in the titles. Black open circles (‘mean’) are averages of the sample variances s for data patches
of different sizes, as observed over 40 lattice simulations, normalized by the actual variance o2. Solid blue lines (‘full-covariance’) predict the average
behaviour by incorporating the bias according to eq. (35), evaluating eq. (15) on all of the pairwise distances available in the grids. Essentially hidden
underneath the blue ones are solid black lines (‘blurred-likelihood’) resulting from calculations that use eq. (36). Solid red lines (‘full-likelihood”) are
from eq. (38). As detailed in the text, the quality of the various approximations is to be interpreted in terms of the Matérn correlation parameters v and
p, in relation to the sampling spacings (Ax, Ay), which were kept constant at 10 km, and the field sizes (M, N), which increased from left to right, as
shown. The vertical black lines are drawn at the values 27 p, a distance beyond which the bias in the sample variance estimator decreases to about a

third of the true value, speaking empirically.

thus

92L(0) 1
Foo(0) = —< 096 > = N ; mg (k) mg (k).

The inverse of the Fisher matrix is the information matrix,
F ! = J.Denoting the true parameter set as ,, with elements
6y and the maximum-likelihood estimate as 9, with elements 6,
the presumed normality of the Fourier coefficients (25) implies
the distribution

VMN(8 — 09) ~ N (0, F(6,)) = N'(0, T (6,)),

from which we will seek to construct 100 x (1 — ) per cent con-
fidence intervals about the estimates, using the values zg/, at
which the standard-normal distribution reaches a cumulative
probability of (1 — 8/2), as follows:

(43)

(44)

N D ()
Q—Zﬁ/zm 590§9+Zﬁ/2m- (45)

The relations in this section are theoretical quantities derived
by F.J. Simons & S.C. Olhede (2013) that, strictly speaking, ap-
ply only to the ‘population’ case, on domains of infinite extent,
and we note that caveats about consistency apply for MN large
in the fixed-domain asymptotic regime, as we alluded to in Sec-
tion 1. While even under increasing-domain asymptotics, there

may be few rigorous results on maximum likelihood estimates
for the Matérn model when the smoothness parameter is treated
as unknown, the (highly) significant correlation contribution in-
troduced by A.P. Guillaumin et al. (2022) helps illuminate the
estimability of, and the identifiability between, the three param-
eters, and the separation of different processes under various
spatial sampling mechanisms, which will enable pursuing these
issues further. In the ‘sample’ case of discretized, windowed like-
lihood analysis, we follow F.J. Simons & S.C. Olhede (2013) and
A.P. Guillaumin et al. (2022) in replacing the Matérn spectral
density Sy(k) in eq. (39) with a suitably blurred version, Sy(k),
to acknowledge the effects of finite sampling. In what follows,
we will explore the implications of sampling and bounding on
the uncertainty estimates of the parameters.

When using the Whittle likelihood as defined in eq. (39) to
produce estimators for time-series, the behaviour of the spectral
estimates is very well understood, see, for example, K.O. Dzha-
paridze & A.M. Yaglom (1983). Exactly how the Whittle likeli-
hood is formulated may vary—in terms of an integral or a sum,
with the log covariance term included or not (Y. Hosoya & M.
Taniguchi 1982), and with and without tapering (R. Dahlhaus
1984). In two dimensions and higher, however, it is recognized
that the boundary effects become dominant, which has led to
alternative formulations (X. Guyon 1982; S. Deb et al. 2017;
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Figure 4. The sample variance s is a biased, inconsistent and inefficient estimator for the true process variance o2. The maximum-likelihood estima-
tor is asymptotically unbiased, consistent and efficient. Conducting 40 lattice simulations on differently sized data patches, with Matérn parameters
(02, v, p) as listed in the titles, the left panels show the behaviour of the sample variance s, and the right panels that of the maximum-likelihood
variance estimator (‘MLE’), both normalized by the actual variance o2. The grey bars span the 5th to 95th percentiles of the estimates at the quoted
patch sizes, the black open circles are the mean estimates and the solid blue lines their predictions from eq. (35), as in Fig. 3. The magenta curves are
the scaled spatial correlation functions, with the vertical black lines at 27 p. The means of the MLE for field sizes smaller than 2 p were calculated

over the 80th percentile of the estimates.

A.P. Guillaumin et al. 2022). J.P. Grainger et al. (2025) treat the
non-parametric asymptotics of (even non-separable) tapers co-
herently. Here we follow A.P. Guillaumin et al. (2022) in pro-
ducing estimators from the forthcoming spectral eq. (46), which
removes bias from boundary effects, can be tapered, maintains
the statistical efficiency of a spatial likelihood and remains com-
putationally competitive. Should the parameters of the model
become sample-size dependent, no existing theory is available
yet.

4.2 Finite sampled data: heuristics

For sampled data, F.J. Simons & S.C. Olhede (2013) defined the
likelihood of observing the data 7{(x) under the spectral model
(12) and (13) parametrized by 6. This ‘blurred likelihood” £(8)
instead of £(#), is given in terms of the Fourier coefficients of
the gridded and windowed data, H(k) in eq. (25), and of the
blurred isotropic spectral density, Sy(k) of eq. (30), summed over
all wavenumbers in the grid (21), by

£0) =~ Y [In&00) + & W HOP). (46)
k

Compare eq. (46) with eq. (39): The only difference is the ac-
knowledgment of the spectral blurring effect of sampled data.

Eq. (46) is the quantity that we maximize, under positivity con-
straints, for the parameter vector 6, thereby defining the quasi-
maximum-likelihood estimate @ to be obtained by solving for the
‘score’ vector y(#) of numerical first derivatives of the blurred
likelihood, in the sense:
y(6) =o. 47)
Satisfying eq. (47) to find @, for example by an iterative func-
tion minimization routine, requires repeated evaluation of the
spectral density (12) on the grid (21), with the blurring imple-
mented convolutionally (on a refined and subsequently reinter-
polated grid) or else exactly, as in eq. (30). Without entering into
more details for now, Fig. 5 shows the results of a suite of exper-
iments conducted to illustrate the performance of our numeri-
cal method that recovers each of the three Matérn parameters
(0%, v, p), as a function of grid size (measured in terms of the
correlation length 7 p). As the right-hand side panels of Fig. 4
showed for the variance estimate, the maximum-likelihood es-
timates are very well-behaved, from about the point where the
grid size reaches a linear dimension of about  p. The procedure
almost surely yields low-variance and practically unbiased esti-
mates from a grid size of about 27 p onwards, as Fig. 5 shows
empirically.

The mathematical form and geometry of the blurred likeli-
hood function are what, fundamentally, controls the observed
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Figure 5. Behaviour of the relative error of the Whittle maximum-likelihood estimators of the Matérn parameters (o2, v, p) for the two sets of true
values listed in the titles, conducted on square lattices growing in size from M = N = 2to M = N = 128 pixels of size Ax = Ay = 10km, quoting M Ax
in multiples of 7 p. Grey bars cover the 5th through 95th percentiles of the estimates for each set of up to 40 simulations. Black filled circles are the
means of the estimates, computed over the 80th percentile of the sets for fields whose linear dimension M Ax < 27 p, but over the full set of up to 40
estimates beyond that size. With growing grid size, the estimates reveal themselves to be less biased with shrinking variance. The blue line tracks the
absolute value of the relative error multiplied by v/MN, offset by —0.5 for visual clarity.

behaviours. F.J. Simons & S.C. Olhede (2013) only considered
convolutional approaches to blurring, and were limited in their
ability to acknowledge the spectral interaction induced by the
applied data windows on the parameter covariance estimates.
The first and second derivatives of the blurred likelihood are not
simply obtained by substituting Sy(k) for Sy(k) in eqs (40) and
(42), since the factors m, (k) that appear in the expressions for
the score and the Hessian are analytical derivatives that involve
the unblurred spectral density Sy(k). Replacing Sy(k) by Sp(k)
in eq. (40) yields reasonable approximations for the likelihood
derivatives, which compare relatively favourably to their numer-
ical counterparts—especially for large sample sizes. Most nu-
merical optimization routines will be able to maximize eq. (46),
solving eq. (47) without being given explicit expressions for the
score and the Hessian. However, in order to derive accurate con-
fidence intervals on our estimated parameters, we do need ac-
cess to the expected value of the second-order derivatives of the
actual likelihood that is being maximized.

Numerical experiments and theoretical considerations along
the lines suggested in their Appendix A8 tempted F.J. Simons &
S.C. Olhede (2013) into concluding that eq. (45) could be used
to construct confidence intervals for the solutions of eq. (47)
in our present case of univariate 2-D analysis. Under the view-
point espoused in their eqs (A84)—(A87), the blurred spectrum
is an additive correction term (small for smoothly varying spec-
tra) away from the original. In this framework, neglecting to blur
the Fisher matrix (not to mention neglecting wavenumber cor-
relations) was believed to have an altogether negligible effect on
the estimation variances based on its inverse, even if blurring
the likelihood is absolutely essential to arrive at the estimate in
the first place. However, the ability of the unblurred Fisher ma-
trix to help predict the variance of the parameters derived via
maximization of the blurred likelihoods turns out to be poor,
especially as concerns the variance and correlation parameters
o? and p. The unblurred expression, eq. (43), of the Fisher ma-
trix provides an asymptotic but ultimately inadequate match to

the average of the numerical Hessian for real-world sampling
scenarios.

Not accounting for wavenumber correlation proved to be
another stumbling block. F.J. Simons & S.C. Olhede (2013)
conceived of approximations to account for wavenumber
correlation involving a multiplicative correction term (their
egs A56-A58). For very large sample sizes this correction term
approaches unity. Contrary to the optimism they expressed, un-
certainty estimates for the maximizers of eq. (46) that rely on
eg. (45) are inadequate for all but the largest sample sizes. A
heuristic way of determining the estimation variance for the re-
covered parameters when actual data are being investigated is to
generate synthetics with features identical to those of the grid-
ded data, from models with Matérn parameters given by pre-
viously obtained solutions, then estimating their parameters a
number of times, and learning from their distribution what the
likely uncertainty ranges for the parameters of the actual data
patches might be, as in Fig. 5. However justified, little transfer-
able knowledge is gained in the process, and the procedure is
cumbersome and time-consuming.

A.P. Guillaumin et al. (2022) showed the way forward by fur-
ther developing the theory of likelihood analysis for finite sam-
pled data, on which we rely to develop the practical methods of-
fered in the next sections. They include the ability to calculate
uncertainty estimates on the parameters from first principles.
The next section provides a complete description of the entire
workflow.

4.3 Finite sampled data: full theory

For sampled data, the likelihood involves Sy(k), the blurred
spectral density (eqs 24 and 30), and the modified periodogram
of data H(x),

£0) = = 3 [ S,0) + 8, R IHP]. (48)
k
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where H(k) is the windowed Fourier transform of the data
‘H(x), for an arbitrary unit-normalized window w(x), repeating

eq. (25),

H(K) = i (AxAy ) Zw(x)’l—[(x)e’lk" (49)

and the Matérn spectral density Sy whose parameters we aim to
recover (see eq. 12) is exactly blurred (no longer isotropic, see
Fig. 2) to account for finite-sample effects via the intermediary
of the isotropic spatial Matérn covariance Cy(y), see eq. (15), re-
peating eq. (30),

1 AxAy
(2m)? (

8 = 7 S WG < var o).

(50)

and with W the autocorrelation of the sampling window, obtain-
able via Fourier transformation, that is, repeating eq. (29) over
the relevant grid (lags),

W(y) =Y wEwx+y). (51)

The solution @ is found by maximizing eq. (48), requiring the
score VOZ(0) = p(0) to vanish, whose components are given by

70 =~ "m0 [1 — 800 HAOF] (2
k

with the blurred equivalents to eq. (41) again obtained exactly
via the intermediary of eq. (50) as

g (k) = l(k>a‘9”(k)

= Gy (G ) Zvo Rew. o

The requisite derivatives of the spatial covariance 9,Cy are ob-
tained via differentiation of eq. (15) and listed as eqs (A5)—(A7)
in the Appendix.

The components of the Fisher matrix F(#), with respect to
two arbitrary Matérn parameters 0, 6" € 6, are now given by
- 1
For®) = - ij 1 () 12 (k). (54)
As F.J. Simons & S.C. Olhede (2013) (their eq. 138), but now

following A.P. Guillaumin et al. (2022) (their eq. 36), the param-
eter estimation variance,

cov(B) ~ F'(80) cov{p(80)}) F ' (8), (55)

where in practice we substitute 0 for 6,, to which the estima-
tor converges in probability, requires the additional calculation
of the covariance of the score without neglecting the correlation
between wavenumbers,

cov{ys, o} =
1 _ o cov{[HEK)? HE)P)
INY ;;m(k) myK), (56)

So(k)Sy(k')

see A.P. Guillaumin et al. (2022) (their eq. 37), and compare F.J.
Simons & S.C. Olhede (2013) (their eq. A54, which should have
quoted blurred quantities). Eq. (56) implies that we require the
covariance of the windowed periodogram |H(k)|?, which under
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standard theory using the L. Isserlis (1918) theorem for Gaussian
processes is (D.B. Percival & A.T. Walden 1993; M.L. Stein 1995;
F.J. Simons & S.C. Olhede 2013, their eq. A57)

cov{|H(K)*, [H(K)’} =
|coviH(k), H'(K)})|* + |coviH(k), HE))|. (57)

4.4 Covariance of the estimates

To obtain cov(f) in eq. (55), cov{yp,} in eq. (56) can be stochasti-
cally approximated by repeated simulation of the random field
H(x), see Section 2.2.3 and calculating (@) of eq. (52) via nu-
merical differentiation. Used inside eq. (55), this readily pro-
duces acceptable approximations for the parameter covariance
in all cases we considered. Eq. (56) can also be calculated exactly
using one of two methods.

The first is by direct calculation of the covariance between the
windowed periodograms in eq. (57), rewritten (A.T. Walden et al.
1994) as

cov{[H(K)|*, [HK)*} = (HE&)HK))|* + [(HK)H*K))[*(58)
= [QHEOHE) Q* + |Q (HE)HE)) Q*|* (59)
= QG Q" +|QC Q" (60)

where, abusing notation ever so slightly, Q is the discrete-Fourier
transform matrix operator that transforms windowed spatial-
domain observations to the spectral domain, Q' and Q*’ its trans-
pose and conjugate transposes, respectively, and Cy the Matérn
autocovariance sequence at all available lags. Fig. 6 illustrates
this computational procedure for a spatial observation grid with
a unit-window taper. The top row shows the covariance se-
quence Cy(|Ix — X'||) with all 2-D lag-distances unwrapped along
the two axes labelled x(:) and x'(:), followed by the covari-
ance of the periodograms as the sum of the individual (pseudo-
)covariance (F.D. Neeser & J.L. Massey 1993) terms as they ap-
pear in eq. (57). The bottom row shows the k = k’ diagonal el-
ements of each of the latter, wrapped as k. and k, about the
zero wavenumber in the centre, following the independently
(via eq. 50) calculated square of the blurred spectral density,
as labelled. The main diagonal of the periodogram covariance,
its variance cov{|H(Kk)|?, [H(k)|*} = var{|H(k)|*}, matches the
square of the blurred spectral density S(k).

The second implementation for calculating the covariance of
the blurred and correlated score is by considering the terms in
eq. (58). Returning to the integral form of eq. (23), rewritten with
the explicit acknowledgment of a window function w(x), which
may not be unitary, used as a subscript, we write, integrating
over the Nyquist plane of frequencies, for the case of the second
term of eq. (58),

(H(K)H*K)) —f Dx(k — K")D5(K —K")Sy(k")dK", where

Dg(k) = >

At a fixed distance between wave vectors Ak = k — K/, eq. (61)
amounts to a simple convolution of the theoretical spectral den-
sity with a kernel that is the product of two relatively offset
Fourier series, Dx(k)Dg(k + Ak), which we can in turn calcu-
late as a Fourier series via the convolution theorem. When Ak =
0, without offset, we recover the variance of the windowed

1 AxAy —ikx.
P ( ) Zw(x)e (61)
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Figure 6. Sampling and windowing effects on the covariance between periodograms: blurring and correlation illustrated for a Matérn model with
parameters 8y = (o2, v, p) = (1, 0.5, 2) on a grid of M = N = 9 pixels of size Ax = Ay = 1 in arbitrary units. (Top row) The spatial covariance Cy(x, X')
on the grid that gives rise to the periodogram covariance cov{|H(k)|?, |H(k’)|?}, which is the sum of two (pseudo-)covariance terms, see eq. (57). The
off-diagonal terms express the correlation between periodograms at different frequencies; the diagonal terms embody their blurring. (Bottom row) The
squared blurred spectral density S‘g(k) is close to the variance of the periodograms var{|H(k)|?}, as shown in the last three panels, which are identical

to the diagonals of the panels above them, wrapped into a 2-D spectral grid.

Fourier coefficients as the expectation of the periodogram via
convolution of the spectral density with the modified Fejér ker-
nel | Dx(k)|*. Analogously with eq. (50) we compute
1 AxAy
(m)?

with Ak =k —-K/, (62)

(HR)H'(K)) =

= W A1 G

adapting the autocorrelation of the energy-normalized analysis
window as follows:

W(y, Ak) = Z WEW(X 4 y) ek, (63)

Proceeding similarly, after reindexing and taking into account
relevant symmetries for the pseudocovariance first term in
eq. (58), yields

(HOIOHK)) = [[ De(k — K)Dx(K +K)Sy(k" )K", (64)
k

This procedure requires one Fast Fourier Transform per diago-
nal increasingly offset from the main diagonal in (k, k') space,
further multiplied with m,(k)/Sy(k) and my(k’)/Sp(k’) and
normalized into eq. (56). Like the procedure in eqs (58)-(60), it
is exact (as opposed to Riemann discretization of eqs 61 and 64,
as originally proposed by A.P. Guillaumin et al. 2022).
Assembling all the various pieces, we now have three different
methods to obtain the desired estimation variance in eq. (56):
likelihood gradient sampling, direct calculation via the discrete
Fourier transform matrix, and per-diagonal Fourier transforma-
tion of the spatial covariance. The first is fast and has shown
good behaviour in all of our tests, see Section 4.5. The second and

third produce identical results, with the matrix implementation
being memory intensive, and the per-diagonal sequential calcu-
lation still computationally heavy as it calls on MN FFTs, each
of which requiring MN log(MN) operations. As shown in Fig. 6,
not all interaction terms are large, which has inspired random-
ized approaches to capture their contributions (M.L. Stein et al.
2004), for example, via Markov-Chain Monte Carlo (N. Metropo-
lis & S. Ulam 1949; W.K. Hastings 1970) or importance sampling.
Managing the interplay of the stochastic process being sampled
and the characteristics of the sampling strategy is amenable to
formal treatment via the significant correlation contribution as
developed by A.P. Guillaumin et al. (2017, 2022).

4.5 Synthetic numerical examples

While all results discussed thus far hold even when the analy-
sis window w(x) is an irregularly bounded and possibly incom-
pletely sampled subset of the regular grid (19), in the remainder
of this paper we focus on completely sampled M x N rectangu-
lar grids.

Fig. 7 is a representative illustration of the behaviour of the
estimator § of eqs (46)-(48), in each of the Matérn parame-
ters o2, v and p. We conducted five hundred inversions (484 of
which successfully yielded estimates) on independently gener-
ated simulations (via circulant embedding of the spatial covari-
ance) and studied the empirical distribution of the estimates,
compared to the theoretical expression of eq. (55) using the ex-
act method of egs (58)-(60). Invariably, the estimates are nearly
unbiased, and nearly universally Gaussian distributed, as can be
seen from the histograms and the quantile-quantile plots. The
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Figure 7. Matérn parameter maximum-likelihood estimation statistics for 484 spatial-covariance embedding simulations carried out ona 101x 111 grid,
with spacings Ax = Ay = 10 km, and true values of 002 = 1km?, vy = 2.5, pp = 20 km, recovered via maximization of the exactly blurred uncorrelated
likelihood (48). The estimates average to 02 =0.9940.22 km?, v = 2.51 £ 0.12, p = 19.87 £ 1.509 km, quoting one observed standard deviation. In
the top row, the thick dark gray line overlying the light grey shaded smooth kernel-density estimate of the ensemble of simulation and estimation
outcomes is the Gaussian derived from the covariance of the ensemble. The (nearly entirely overlapping) thick black line centred on the mean estimate
is based on the covariance exactly calculated from eq. (55) evaluated at the truth, indicated by the dotted vertical line in the top panels. In the bottom
row, quantile-quantile plots compare the empirical distribution to a normal distribution standardized using the mean and standard deviation of the

ensemble.

top row shows the smoothly estimated (Z.I. Botev et al. 2010)
standardized probability density functions (shaded) of the val-
ues recovered in this experiment of sample size 101 x 111. The
abscissas were truncated to within 43 of the empirical standard
deviation about the origin at the mean estimate; the percent-
age of the values captured by this truncation is listed in the top
left of each graph. The thick grey line summarizes the empirical
distributions as a Gaussian with the observed mean and vari-
ance in this set of simulations. The thick black line uses the cor-
responding theoretical values calculated from eq. (55). The ratio
of the empirical to the theoretical standard deviation is shown
listed as s/o for each of the parameters. The dotted black line
marks the true parameter values. The bottom row shows the
quantile-quantile plots of the theoretical (abscissa, horizontal)
versus the empirical (ordinate, vertical) distributions. The aver-
ages of the recovered values o2, v and p are listed at the top of
the second row of graphs. The true parameter values og, vy and
po are listed at the bottom. We attribute the slight asymmetry of
the histograms and the small bends at the edges of the quantile-
quantile plot to small-sample effects on minimum/maximum
order statistics, and to all Matérn parameters being necessarily
positive.

Fig. 8 is a rendering of the likelihood (48) that is being nav-
igated towards an estimate. On purpose we picked a data set
from the series of five hundred runs that yielded an estimate

very close to the truth in order to clean up the axis label-
ing, but the likelihood surfaces are typically very similar. Ev-
ery panel occupies +3 of the empirical standard deviations
around the estimate. We found ten parameter value pairs evenly
spaced out to 2x the empirical standard deviations from the
estimate, and calculated their likelihoods to use as the shaded
contours.

Fig. 9 summarizes the same experiment as cross plots of
the recovered parameters with their empirical summaries (R.C.
Aster et al. 2018) as the ellipsoidal 68 per cent confidence region
(thick grey line), and showing the equivalent error ellipses from
the theoretically predicted covariances (thick black line), which
match the observations closely, albeit not perfectly. Every panel
shows all pairs of parameter estimates (grey circles), with the
mean marked as a grey triangle, and a cross indicating twice
the standard deviation for each of the estimates. In the lower
left of each graph we display the percentage of the estimates
that falls within the error ellipse calculated for the observed
covariance.

Fig. 10 is an alternative graphical rendition of the theoretically
predicted and empirically observed parameter-estimate correla-
tion matrix (their covariance matrix normalized to unity along
the diagonal). Parameter trade-offs are inherent in the Matérn
description (eq. 14). The theoretically calculated correlations
are {02, v} = —0.3714, {02, p} = 0.8906 and {v, p} = —0.6701,
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Figure 8. Anexample of a likelihood (eq. 48) surface for simulated data from the experiment reported in Fig. 7, shown for one estimate very close to the
truth. Every 2-D panel is a slice at the value of the third estimated parameter. We draw and shade ten contours in equal increments, from the likelihood
at the estimate in the centre, to the likelihood of the parameter pair two observed standard deviations out, in the positive quadrant of the ensemble.
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Figure 9. Maximum-likelihood estimation statistics for the ensemble of 484 simulation and recovery experiments reported in Fig. 7. The mean estimate
is highlighted by the grey triangle and two observed standard deviations marked grey by lines. The heavy grey ellipse is the 68 per cent confidence region
based on the ensemble. The heavy black ellipse is the predicted 68 per cent confidence region based on the covariance predicted from eq. (55), shown

and evaluated at the mean estimate, which is a close match for the set.
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Figure 10. Comparison of the covariance predicted via eq. (55) and the covariance observed on the set of experiments reported in Figs 7 and 9. Shown

are the relevant correlation matrices between the estimators for the three Matérn parameters o2

between v and p.

which are good predictors for those observed, as the empiri-
cal values are {02, v} = —0.4195, {02, p} = 0.8772 and {v, p} =
—0.7259, respectively.

4.6 Analysis of residuals

The terms S, '(k) |H(k)|? and S, '(k) |H(k)|? that have appeared
above in the expressions for the likelihoods (39), (48) and their
derivatives (40) and (52) contain the ratio of the observed pe-
riodogram of the data to the (blurred) spectral density pre-
dicted under the model. Since the spectral density is a ‘scale’
parameter (as opposed to a ‘location’) this ratio has the usual

, vand p, highlighting the relatively strong trade-off

interpretation as a measure of misfit. We have previously noted
that if the Gaussian model fits, the expectation of this quadratic
s (S, (k) |[H(k)[*) = 1. Here we follow F.J. Simons & S.C. Ol-
hede (2013) to maintain that twice this quantity, a quadratic
form of Gaussian random variables, given that #(x) and thus
H(k) are assumed to be Gaussian and uncorrelated, should be a
chi-squared random variable with two degrees of freedom,
Xp(k) = S () [ HK)> ~ x3/2. (65)
Equipped with this knowledge we can examine how closely the
ratios Xp(k), that is, the ‘residuals’, follow the distribution (65),
and use the match or lack thereof as a basis to accept or reject
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Figure 11. Residual statistics of simulations carried out on a 101 x 111 grid, with spacings Ax = Ay = 10 km, convolutional blurring, and true Matérn
parameter values of 002 = 1km?, vy = 2.5, pp = 20 km. Results pertaining to one of the simulations and its maximum-likelihood recovery. Distribution
of the variable Xy(k) of eq. (65), as a histogram across all wavenumbers with the theoretical distribution superposed, as a quantile-quantile plot for the

distribution in question, and as a spectral-domain map.

the model that the data are indeed given by a Matérn process of
the specified parameters.

It is imprudent to ignore and impossible to overstate the im-
portance of such a hypothesis test. Apart from serious numeri-
cal instability and potential run-away effects, possibly caused by
improper initialization of or unrealistic constraints on the op-
timization procedure, maximum—Ilikelihood inversion will al-
ways return the parameter set with maximum likelihood. But
whether the most likely model is, in fact, any good, then re-
mains to be ascertained. Establishing whether eq. (65) in fact
holds can be carried out visually, by inspection of the overlay of
the histograms of 2Xj across all wave vectors with the probabil-
ity density function x7 and by making ‘quantile-quantile’ plots
of the ranked values of 2X, versus the inverse cumulative den-
sity function of x} evaluated at their corresponding fractional
ranks. Moreover, the 2-D map of Xy(k) should show no residual
structure, and will contain information on possible wavenumber
ranges or specific directions (e.g. in the presence of anisotropy)
in which the data might be over- or underfit. All three such
representations of model quality (histograms, quantile-quantile
‘Q-Q’ plots, and 2-D wavenumber maps of the residuals) must
be thoroughly scrutinized.

Beyond visual inspection, it is desirable to design a formal test
for when the hypothesis of isotropic Matérn behaviour needs
to be abandoned, and the veracity of the parameters recovered
by likelihood maximization called into question, regardless of
how narrow their uncertainty intervals based on eq. (55) may be.
Failing the test could be due, for example, to non-Gaussianity,
or to the presence of patterns or preferred directions indicat-
ing that the data should rather be interpreted under anisotropic
(e.g. J.A. Goff & T.H. Jordan 1989b; U.C. Herzfeld & C. Overbeck
1999; S.C. Olhede 2008; S.C. Olhede et al. 2014) extensions of
the model. We save developing alternative hypotheses for future
work.

For a given modelled data sample, we propose as a test statis-
tic the mean-squared deviation from the expected value of the
residual ratio,

ML > [Xp(k) — 1 (66)
k

The smoothness and boundedness of the spectrum Sy(k), the
presumed independence of Xy(k) between wavenumbers and
the central limit theorem should help the variable s% to converge
to a normal variate. The central moments of the pth power of
chi-squared variables with m degrees of freedom (A.C. Davison
2003) satisfy ([x2]°) = 2°T(p + m/2)/T'(m/2), from which we
obtain

(X7)=T(p+1)=pl. (67)

The case p = 1 discussed by F.J. Simons & S.C. Olhede (2013)
in reducing eq. (42) to eq. (43), is easily verified. Evaluating
eq. (67) for the case p = 2 then yields the expectation of eq. (66),
our test statistic,

2 2

Sy) = —— X-(k) — 2Xp(k 1)=1. 68
(s%) MN;(H() o(k) + 1) (68)
For its variance, again assuming independence between the
wave vectors, we find from elementary calculations that

MNvar{sy } = var{X}?} + 4var{X,} — 4 cov{X}, Xy} (69)

= (63 = (01 +402) — 4l — 40) + 4{xp)xe) = 8. (70)
Hence we deduce that our chosen metric converges ‘in law’ (T.S.
Ferguson 1996) to a variable distributed as:

2 2% (1, 8/[MNY). (71)
In other words, by computing eq. (66) after finding the
maximume-likelihood estimates for the Matérn parameters of
a data set, we are in a position to test whether the residuals
are distributed according to the theory, rejecting the model at
whichever confidence level we envisage.

Fig. 11 enlightens us in this regard. The three panels (his-
tograms, Q-Q plots, 2-D map) show the result of a successful ex-
periment with parameters similar to those of the runs presented
in Fig. 7, in which the Matérn parameters were very well recov-
ered. The residuals Xy(k) show the expected distributional be-
haviour without any hint of remaining structure, privileged di-
rections or otherwise. The sample mean and the sample variance
of the variable Xj are listed above the first panel. Per eq. (65),
both are expected to be one. Above the second panel are the test
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Figure 12. The behaviour of the test statistic for appropriateness of the Matérn model, s)z( of eq. (66), across an ensemble of 175 simulation and recovery
experiments. Histogram and its prediction, and quantile-quantile plot comparing observations to predictions. The theoretical behaviour of eq. (71) is

validated.

statistic s%, its variance under the null hypothesis, the decision
to accept (in this case) or reject, and the two-sided probability
that values more extreme than the calculated one are likely to
occur under the model. All of these entities factor into our deci-
sion making.

Fig. 12 validates the distribution of the test statistic through
a series of simulation experiments with the same parameters as
those used for Fig. 11. Reporting on the ‘test of the test’, specifi-
cally, whether eq. (71) holds, the two panels illustrate the distri-
bution of s% across 175 realizations. Sample mean and variance
of the test statistic are labelled above the first panel, which dis-
plays the histogram of s over the simulations. The second panel
shows the linearity of the Q-Q plots. Our conclusion is that us-
ing s% as a statistic results in a useful and sensitive test on the
appropriateness of the Matérn model, whatever its parameters,
and irrespectively of their confidence intervals.

5 MAXIMUM-LIKELIHOOD PRACTICE

Our fundamental point of departure is that every geological
or geophysical spatial data set is a sample, a realization, of
a parametrizable random process, whose parameters we seek
to recover. Whether these statistical parameters then are di-
rectly interpretable (e.g. A. Malinverno 1991; J.M. Whittaker
et al. 2008), used for interpolation or extrapolation (e.g. J.C.
Mareschal 1989; D.T. Sandwell et al. 2022), anomaly detection
and classification (e.g. U.C. Herzfeld & C.A. Higginson 1996; U.
Herzfeld & O. Zahner 2001) or in order to infer from them any
kind of other, for example, geophysical, oceanographic or geo-
logical, information (e.g. R. Stephenson 1984; T.R.A. Song & M.
Simons 2003; B.N.J. Persson 2006; A. Sagy et al. 2007; J.A. Goff &
B.K. Arbic 2010; P. Cristini & Komatitsch 2012; A. Bottero et al.
2020; J.P. Grainger et al. 2021; C. Wunsch 2022) is beyond the
immediate remit of this paper.

There may not appear to be a dearth of approaches to solve
problems of the nature described above, but in remote-sensing,
geology, geophysics, oceanography and planetary science, many
methods in common use yield results that are biased, too
variable or too vague, to be of quantitative statistical use. An ex-
ample to help clarify the needs addressed in this paper is how
best to answer the seemingly straightforward question (e.g. W.H.

Munk 1955; M.A. Kreslavsky & J.W. Head 2000; M.K. Shepard
et al. 2001; C.H. Grohmann et al. 2011; T. Candela et al. 2012;
B.J. Reich et al. 2013; S. Guérin-Marthe et al. 2023): ‘how rough
is that (topographic, ocean-floor, sea-surface, earthquake-fault,
rock-sample,... tooth) surface?’

The overarching accomplishment of this paper is that we have
developed a fast, efficient and effective strategy for such param-
eter estimation problems, for Gaussian processes governed by
a flexible class of two-point covariance structures, under realis-
tic sampling scenarios which require explicit consideration and
treatment in order to render the solutions interpretable, inter-
comparable and robust, with quantifiable uncertainties and a
test for model appropriateness. The sampling patterns discussed
so far, and in the remainder of this paper, are regularly spaced
Cartesian rectangular grids. Should the boundaries of a region
be irregular, or the sampling be incomplete, as long as the selec-
tion function or window w(x) in eq. (25) can accommodate pick-
ing out what is actually being observed, our theory and meth-
ods will continue to hold. We will return to incomplete, be it
random, deterministic or otherwise structured sampling pat-
terns in future work.

The statistical literature abounds with methods and examples
of asymptotic (infill, growing and mixed-domain) convergence
results for specific special cases of the Matérn spectral density
or covariance, that is, for specific values of v in egs (12) and
(15), which resolve to simpler forms (P. Guttorp & T. Gneiting
2006). Section 4.3 showed how the statistical behaviour of the
solutions depends both on the sampling and on the random pro-
cess being sampled, and it therefore must remain beyond the
scope of this paper to discuss this interplay with any aspiration to
generality. The important cases of anisotropy, non-stationarity,
non-Gaussianity and correlations between multivariable fields
will await further treatment under our framework. Any and
all of those considerations, however, will rely on a thorough
understanding of the null-hypothesis of univariate, stationary,
isotropic, Gaussian fields such as are provided here.

For a first confrontation of our new results with geophysical
and geological practice, we will limit ourselves to showing a
few illuminating examples of parameter recovery, uncertainty
quantification and model testing, on completely sampled,
rectangular grids. In Figs 13-16, the left column contains an
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Figure 13. Maximum-likelihood analysis for the Matérn covariance structure of a thin section of a quartzite rock under cross-polarized light (A. Da
Mommio & Pease 2025). Shown are the observed data (a) and a synthetic randomly generated from the Matérn parameters recovered as our estimate
(b) as discussed in Section 4.3, a histogram and a quantile-quantile (Q-Q) plot of the quadratic residual 2Xj (c), with Xp(k) being rendered and in-
spected for patterns in wave vector space (d), as discussed in Section 4.6. Also shown are the expected (e) and observed (f) periodograms, Sp(k) and
|H(k)|? respectively, with contour lines (labelled by their exponent) for the former overlain on the latter. The model fits extremely well over the entire

wavenumber range.

image of the data, underneath which we plot a simulation based
on the Matérn model with the parameters derived from our
procedure. The middle column appears in a layout that is a com-
bination of the three panels of Fig. 11, showing the histogram
of Xy(k) = S, (k) [H(K)|? of eq. (65), its theoretical probability
density (using the left ordinate) and Q-Q plot (using the right
ordinate), the test statistic s of eq. (66) and the decision based
on it via eq. (71). In the panel below we show the values of Xy(k)
in wave vector space, to inspect for any undesirable patterns
that may persist. The panels in the rightmost column are as the
rightmost top panels in Fig. 2, showing the blurred
spectral density Sp(k), that is, the expectation of the
windowed periodogram, (/H(k)|?) and the periodogram
|[H(k)|?> observed from the data. Contours of the expected
spectrum are drawn on the observed, highlighting where they
match.

The optimization was carried out by a simple uncon-
strained finite-difference gradient-based method (using MAT-
LAB’s fminunc). Starting with the sample variance as a can-
didate for o2, our runs were initialized with values that, while
inspired by comments made by E. Vanmarcke (1983) relative to
p, and A.M. Sykulski et al. (2019) relative to v, have not needed
to be more than ‘reasonable’ guesses. Up to a planar trend was
removed for the data prior to analysis, and a cosine-squared win-
dow tapering 10 per cent all around was applied to smooth any
edges, exactly as we had done to make Figs 11-12. See Table 1
for a summary of the results discussed next.

The first example is a photomicrograph of a rock sample in a
30 um thin-section used for optical petrography. Fig. 13 is a grey-
scale image of a quartzite, a metamorphic rock composed almost

entirely of the mineral quartz (SiO,). The field of view is 7 mm
and the image was taken under cross-polarized light (A. Da
Mommio & Pease 2025), revealing individual grains with char-
acteristic undulose extinction. The Matérn model fits very well
in this case, despite the sand grains being distinct entities with
relatively constant greyscale values and visible grain boundaries.
The synthetic will not be mistaken for an actual, possibly non-
Gaussian, rock sample, yet it remains statistically indistinguish-
able from the perspective of Gaussian field modelling. Virtu-
ally no discernible patterns characterize the spectral-domain
residuals, and the power-spectral densities are almost entirely
isotropic, as expected for this type of uniformly recrystallized
metamorphic rock.

The second example is a patch of topography from the planet
Venus. Fig. 14 shows the region around Hinemoa Planitia ob-
tained from radar altimetry mapping by the Magellan space-
craft (N.J. Rappaport et al. 1999), expanded from spherical har-
monics, reprojected to centre on (261.57°, 5.29°) and downsam-
pled from the original full resolution (G.L. Eggers 2013). The
area shown occupies a mean elevation of 150 m above the mean
planetary radius, with a standard deviation of 756 m. The ren-
dered colours span the first through the 99th percentile, which
cover relative elevations 1161 m below and 2176 m above the
deplaned surface. To accommodate an isotropic Nyquist filter-
ing step applied to the original data, which effectively erased all
power from the corners outside the circle inscribed in the Carte-
sian wave vector rectangle, we restricted the likelihood calcu-
lation to the disc-shaped domain of radius 211 km shown in
the spectral plots. The Matérn model fits the data well and is
formally accepted as a null hypothesis. Nevertheless, there are
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Figure 14. Maximum-likelihood analysis for the Matérn covariance structure of a patch of Venus topography. Layout and annotation are as in Fig. 13.
To counter the isotropic filtering present in the original data set (N.J. Rappaport et al. 1999; G.L. Eggers 2013), we calculated the likelihood and based
our decision solely on the wavenumbers within the rendered spectral disc. The model fits very well, small residual departures visible in the Q-Q
plot notwithstanding, which are indeed expected for correlated order-statistics at both ends (A.C. Davison 2003). We draw attention to the numerical
annotations in the top middle panel. The percentile corresponding to the horizontal axis limit is shown. Below that, maximum, mean and variance of
the residual X, (see eq. 65), the test statistic s% (see eq. 66), the decision at the 95 per cent significance level and the one-sided exceedance probability

for the test of it being normally distributed (see eq. 71).

visible hints of systematic departures from complete isotropy in
the middle- to large-wavenumber range that may well prove to
be geologically significant upon further analysis. Furthermore,
by our definition (G.L. Eggers 2013), Hinemoa Planitia as a co-
herent geological unit is an irregularly bounded subdomain of
the rectangular patch shown, which will require applying spa-
tially selective windowing to fully and uniquely characterize as
a locally stationary random field.

The third example is a portion of a granite surface taken be-
fore a tribological experiment (S. Guérin-Marthe et al. 2023).
Fig. 15 shows a piece of the relief on La Peyratte granite ‘sample
R1 top’, measured using a Keyence VR-3200 surface scanning
light microscope, with a reported root-mean-squared ‘asperity’
height of 12-16 um. The ‘rough’ surface, created by sandblasting
the saw-cut, pre-polished, sample surface with silicon carbide
(SiC) powder is marked by long-wavelength relief and high gra-
dients between extreme peaks and troughs which proved chal-
lenging to capture in the modelled field. Hence we deplaned
the image and winsorized it within the 7.5 and 92.5 percentiles
prior to analysis. The results, while we deem the synthetic visu-
ally encouraging, nevertheless warrant rejection of the Matérn
model. The spectral-domain residuals fail to meet our strict
distributional criterion, and show systematic deviation from
what should be a complete lack of structure in wave vector space.
Despite these misgivings, the best-fit solutions for the Matérn
parameters made on successive measurements of rock surface
relief as it gets ground down and smoothed in fault-friction
experiments hold promise for their objective if imperfect char-
acterization.

The fourth and last example involves a portion of the seafloor
in the North Atlantic. Fig. 16 shows the GEBCO Bathymet-
ric Compilation Group (2019) bathymetric model for the area,
which lies at a mean elevation of 5738 m below the sea sur-
face, with a standard deviation of 271 m. The rendered colours
span the depths between 6672 and 4680 m. Oceanic bathymetry
is a model based on few direct observations: Swaths of high-
resolution shipboard-derived multibeam sonar data draped over
a long-wavelength low-resolution model derived from radar al-
timetry of the sea surface, which gravitationally reflects the to-
pography of the ocean bottom (W.H.F. Smith & D.T. Sandwell
1997). Whether completely sampled or not, ocean bathymetry,
as a mirror of plate tectonics, rarely if ever shows isotropic be-
haviour. The isotropic Matérn model developed in this paper
clearly does not apply. We include this example because our
analysis allows for the testing (and rejection, as in this case) of
isotropic behaviour, and the initial evaluation of anisotropy, for
which suitable models and estimation methods need to be de-
veloped.

6 CONCLUSIONS

The B. Matérn (1960) covariance provides a parsimonious,
three-parameter, characterization of stationary and isotropic
geological and geophysical univariate Gaussian fields. While
it has enjoyed choice application over the years, no truly
pragmatic framework existed for the analysis of finite, sampled
spatial data sets, including those with irregular boundaries or
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Figure 15. Maximum-likelihood analysis for the Matérn covariance structure of a saw-cut, polished and sandblasted granitic rock surface fabricated
in a friction experiment (S. Guérin-Marthe et al. 2023). Layout and annotation are as in Figs 13-14. The model fits relatively poorly under the most
intransigent interpretation of the Q-Q plot, which could be argued is too demanding, as the ‘mass’ of the distribution is reasonably well aligned with
statistical expectation. The residuals show relatively strong hints of unmodelled structure with directional and wavenumber dependence. On the whole,
we consider this to be an acceptable model, and in future work we might relax the strict adherence to eq. (71) as a make-or-break decision for model

acceptance.

missing grid points. To recover the diagnostic Matérn parame-
ters of variance, smoothness and range, exact space-based like-
lihood methods are almost always impractical or computation-
ally out of reach. Spectral-domain likelihood approximations
introduced by P. Whittle (1954) hold the advantage of compu-
tational and statistical efficiency, but their parameter estima-
tion bias has been an ongoing cause for concern, especially
for incompletely and irregularly bounded sampled fields. The
debiased spatial Whittle likelihood of A.P. Guillaumin et al.
(2022) correctly accounts for edge effects and data omission by
blurring the spectral density function in a manner that is both
exact and fast. We showed its efficacy in recovering Matérn
covariance parameters on synthetically generated and actually
observed geophysical fields. A quasi- or pseudo-likelihood, the
debiased Whittle likelihood is indifferent to wave vector corre-
lations during parameter estimation. We showed how to calcu-
late these interactions, exactly, and how to include them to de-
rive the full parameter estimation covariance matrix. Only when
these are properly acknowledged do we produce reliable uncer-
tainty estimates, as we validated experimentally. Our final addi-
tion to complete the theory involves a test for the epistemic ap-
propriateness of the Matérn model, against which possible non-
stationary, an-isotropic, non-Gaussian departures from the null-
hypothesis can be evaluated.

Our work allows us to ask and confidently answer questions
related to the statistical description of geological and geophys-
ical fields and processes in a manner that produces solutions
that are interpretable, intercomparable and robust, with quan-
tifiable uncertainties and tests for overall model fitness. What
numbers capture the essence of a patch of spatial data? Can we

estimate them, can we derive uncertainty bounds for them, can
we simulate ‘new’ realizations of fields that behave exactly as if
they were derived from similar processes? The answer to all of
these questions is ‘yes’. Our approach holds in one, two and three
dimensions, and generalizes to multiple variables, for exam-
ple, when topography and gravity are being considered jointly
(e.g. linked by flexure, erosion, or other surface and subsur-
face modifying processes, see F.J. Simons & S.C. Olhede 2013),
or for remote-sensing applications. While currently agnostic as
to the application domain, our ultimate goal is to derive geo-
physical ‘process’ from statistical ‘parameters’, for example, to
be able to assign likely formation mechanisms and histories for
the data under consideration, with specific input from domain
knowledge.
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Figure 16. Maximum-likelihood analysis for the Matérn covariance structure of Atlantic seafloor bathymetry. Layout and annotation as in Figs 13-15.
Of all the examples shown so far, this model fits most poorly, while it clearly still has merit. However, its failure to be accepted based on the stringent
eq. (71) will drive us to consider models beyond the isotropic stationary Matérn class. The strong directional dependence of the residuals reveals that
anisotropic behaviour will need to be considered, as is indeed expected both based on the intrinsic geophysical and geological properties of the seafloor
(J.A. Goff & T.H. Jordan 1989b), and from the heterogeneous and anisotropic model (GEBCO Bathymetric Compilation Group 2019) built from compiled
multiresolution data sources that include both direct shipboard seafloor sounding and interpreted satellite altimetry sea-surface measurements (W.H.F.
Smith & D.T. Sandwell 1997).

Table 1. Results from our experiments with geological and geophysical data, sorted by the degrees of freedom of the analysis, the size of the field,
K = M x N, adjusted to the wavenumber disc for the case of Venus. The estimate for the variance o2 is quoted as a fraction of the sample variance of
the data set, here denoted s2. In the presence of significant range, s> is small relative to o2. The estimate of the range parameter p is first presented
in units of the field and then is multiplied by =, see Fig. 1, and expressed as a fraction of r, the length of the diagonal of the data grid. For all three
parameters, the one-standard-deviation estimation uncertainty is listed to the nearest per cent of the parameter itself. The final three columns contain
the correlation between parameter estimates, as in Fig. 10, in per cent.

Example Figure K o2 /s? +percent v +per cent 0 wp/r  Epercent {02, v} {02 p} {v.p}
Seafloor 16 92196 0.92 3 1.26 0.6 1.75 km 0.01 2 —38 +90 —72
Quartzite 13 47526 0.91 4 0.91 1.0 0.0512 mm 0.02 3 —31 +90 —67
Granite 15 11556 1.64 10 1.64 14 0.1033 mm 0.05 4 -39 +92 —71
Venus 14 2026 1.64 53 0.31 9.0 841 km 0.34 96 —22 +96 —46
7 DATA AVAILABILITY Mommio (alexdm83@libero.it). The original Venus to-

pography model shtjv360 was constructed by N.J. Rappa-
port et al. (1999) and resides at https://pds-geosciences.wustl.
edu/missions/magellan/shadr_topo_grav/index.htm. The gran-
ite surface data pertain to the paper by S. Guérin-Marthe et al.
(2023) and are available from https://zenodo.org/records/641
1819. The seafloor bathymetry model GEBCO_ 2019 is avail-
able from https://www.gebco.net/data-products/gridded-bath
ymetry-data/gebco-2019 as described by GEBCO Bathymetric
Compilation Group (2019).

All the code used to conduct the calculations and pro-
duce the figures in this paper made in MATLAB by the
authors is openly available as Release 2.0.0 from https://gi
thub.com/csdms-contrib/slepian_juliet, doi: 10.5281/zen-
odo.4085253. For an alternative code base in Python, see
also A.P. Guillaumin et al. (2026). Also see the R package
by C.J. Paciorek (2007). The quartzite photomicrograph is
described by A. Da Mommio & Pease (2025) and was ob-
tained from https://www.alexstrekeisen.it/english/meta/quart
zite.php, and used with permission from Dr Alessandro Da

920z YoJe\ 62 uo 1sanb Aq gecei8/v06e66/2/512/e10n4e/116/woo dno-olwepeoae//:sdny woly pspeojumoq


art/ggag044_f16.eps
https://github.com/csdms-contrib/slepian_juliet
https://www.alexstrekeisen.it/english/meta/quartzite.php
https://pds-geosciences.wustl.edu/missions/magellan/shadr_topo_grav/index.htm
https://zenodo.org/records/6411819
https://www.gebco.net/data-products/gridded-bathymetry-data/gebco-2019

REFERENCES

Abramowitz, M. & Stegun, I.A., 1965. Handbook of Mathematical Func-
tions, Dover, New York.

Adler, R.J., 1981. The Geometry of Random Fields, Wiley, New York.

Aharonson, O., Zuber, M.T., Neumann, G.A. & Head, J.W., 1998. Mars:
Northern hemisphere slopes and slope distributions, Geophys. Res.
Lett., 25(24), 4413-4416.

Appourchaux, T., Gizon, L. & Rabello-Soares, M.C., 1998a. The art of
fitting p-mode spectra. I. Maximum likelihood estimation, Astron. As-
troph. Suppl. Ser, 132,107-119.

Appourchaux, T., Rabello-Soares, M.C. & Gizon, L., 1998b. The art of
fitting p-mode spectra. II. Leakage and noise covariance matrices, As-
tron. Astroph. Suppl. Ser., 132, 121-132. doi: 10.1051/aas:1998440.

Aster, R.C., Borchers, B. & Thurber, C.H., 2018. Parameter Estimation
and Inverse Problems, Elsevier Academic Press, 3rd edn., San Diego,
Calif.

Baig, A.M. & Dahlen, F.A., 2004. Statistics of traveltimes and amplitudes
in random media, Geophys. J. Int., 158(1), 187-210.

Baig, A.M., Dahlen, F.A. & Hung, S.H., 2003. Traveltimes of waves in
three-dimensional random media, Geophys. J. Int., 153(2), 467-482.
Becker, T.W., Browaeys, J.T. & Jordan, T.H., 2007. Stochastic analysis of
shear-wave splitting length scales, Earth planet. Sci. Lett., 259(3-4),

526-540.

Bendat, J.S. & Piersol, A.G., 2000. Random Data: Analysis and Measure-
ment Procedures, 3rd edn., John Wiley, New York.

Botev, Z.1., Grotowski, J.F. & Kroese, D.P., 2010. Kernel density estima-
tion via diffusion, Ann. Stat., 38(5), 2916-2957.

Bottero, A., Cristini, P. & Komatitsch, D., 2020. On the influence of
slopes, source, seabed and water column properties on T waves: Gen-
eration at shore, Pure appl. Geophys., 177, 5695-5711.

Candela, T., Renard, F., Klinger, Y., Mair, K., Schmittbuhl, J. & Brodsky,
E.E., 2012. Roughness of fault surfaces over nine decades of length
scales, J. geophys. Res., 117, B08409.

Carpentier, S. & Roy-Chowdhury, K., 2007. Underestimation of scale
lengths in stochastic fields and their seismic response: a quantifica-
tion exercise, Geophys. J. Int., 169(2), 547-562.

Christakos, G., 1992. Random Field Models in Earth Sciences, 2nd edn.,
Academic Press, San Diego, Calif.

Chu, T., 2023. Mixed domain asymptotics for geostatistical processes,
Stat. Sin., 33(1), 551-571.

Cox, D.R. & Hinkley, D.V., 1974. Theoretical Statistics, Chapman and
Hall, London, UK.

Cramér, H., 1942. On harmonic analysis in certain fuctional spaces,
Arkiv Mat. Astr. Fysik, 28B, 1-7.

Cressie, N., 1993. Statistics for Spatial Data, John Wiley, London, UK.

Cristini, P. & Komatitsch, D., 2012. Some illustrative examples of the use
of a spectral-element method in ocean acoustics, J. acoust. Soc. Am.,
131(3), EL229-EL235.

Da Mommio, A. & Pease, V., 2025. Atlas of Minerals and Igneous and
Metamorphic Rocks in Thin-Section, Cambridge Univ. Press, Cam-
bridge, UK.

Dahlhaus, R., 1984. Parameter estimation of stationary processes with
spectra containing strong peaks, Robust and Nonlinear Time Se-
ries Analysis: Proceedings of a Workshop Organized by the Sonder-
forschungsbereich 123 “Stochastische Mathematische Modelle”, Heidel-
berg 1983, pp. 50-67, Springer.

Dahlhaus, R. & Kiinsch, H., 1987. Edge effects and efficient parameter
estimation for stationary random fields, Biometrika, 74(4), 877-882.
Davison, A.C., 2003. Statistical Models, Cambridge Univ. Press, Cam-

bridge, UK.

Deb, S., Pourahmadi, M. & Wu, W.B., 2017. An asymptotic theory for
spectral analysis of random fields, Electron. J. Stat., 11, 4297-4322.
Dzhaparidze, K.O. & Yaglom, A.M., 1983. Spectrum parameter estima-
tion in time series analysis, Developments in Statistics, Vol. 4, pp. 1-96,

ed. Krishnaiah, P., Academic Press, New York.

Statistical analysis of geophysical fields 21

Eggers, G.L., 2013. A regionalized maximum-likelihood estimation of the
spatial structure of Venusian Topography, A. B. Thesis, Princeton Uni-
versity.

Ferguson, T.S., 1996. A Course in Large Sample Theory, Chapman and
Hall/CRC Press, New York.

Fournier, D., Gizon, L., Hohage, T. & Birch, A.C., 2014. Generalization of
the noise model for time-distance helioseismology, Astron. Astroph.,
567, A137.

Fuentes, M., 2007. Approximate likelihood for large irregularly spaced
spatial data, J. Acoust. Soc. Am., 102(477), 321-331.

GEBCO Bathymetric Compilation Group, 2019. The GEBCO_2019
grid—A continuous terrain model of the global oceans and land,
Tech. Rep., British Oceanographic Data Centre, National Oceanogra-
phy Centre, NERC.

Geoga, C.J., Marin, O., Schanen, M. & Stein, M.L., 2023. Fitting Matérn
smoothness parameters using automatic differentiation, Stat. Com-
put., 33(2), 48.

Gizon, L. & Birch, A.C., 2004. Time-distance helioseismology: noise es-
timation, Astroph. J., 614(1), 472-489.

Gneiting, T., Sevéikova, H. & Percival, D.B., 2012. Estimators of fractal di-
mension: Asessing the roughness of time series and spatial data, Stat.
Sci., 27(2), 247-277.

Goff, J.A. & Arbic, B.K., 2010. Global prediction of abyssal hill roughness
statistics for use in ocean models from digital maps of paleo-spreading
rate, paleo-ridge orientation, and sediment thickness, Ocean Model.,
32(1-2), 36-43.

Goff, J.A. & Jordan, T.H., 1988. Stochastic modeling of seafloor morphol-
ogy: Inversion of Sea Beam data for second-order statistics, J. geophys.
Res., 93(B11), 13 589-13 608.

Goff, J.A. & Jordan, T.H., 1989a. Stochastic modeling of seafloor mor-
phology: Resolution of topographic parameters by Sea Beam data,
IEEE J. Ocean. Eng., 14(4), 326-337.

Goff, J.A. & Jordan, T.H., 1989y. Stochastic modeling of seafloor mor-
phology: A parameterized Gaussian model, Geophys. Res. Lett., 16(1),
45-48.

Gradshteyn, I.S. & Ryzhik, .M., 2000. Tables of Integrals, Series, and
Products, 6th edn., Academic Press, San Diego, Calif.

Grainger, J.P., Sykulski, A.M., Jonathan, P. & Ewans, K., 2021. Estimat-
ing the parameters of ocean wave spectra, Ocean. Eng., 229, 108 934.

Grainger, J.P., Rajala, T.A., Murrell, D.J. & C., S.0O., 2025. Spectral estima-
tion for spatial point processes and random fields, Biometrika, asaf089.

Grohmann, C.H., Smith, M.J. & Riccomini, C., 2011. Multiscale analy-
sis of topographic surface roughness in the Midland Valley, Scotland,
IEEE Trans. Geosci. Remote, 49(4), 1200-1213.

Guérin-Marthe, S., Kwiatek, G., Wang, L., Bonnelye, A., Martinez-
Garzon, P. & Dresen, G., 2023. Preparatory slip in laboratory faults:
Effects of roughness and load point velocity, J. geophys. Res., 128(4),
€2022JB025511.

Gudmundsson, O., Davies, J.H. & Clayton, R.W., 1990. Stochastic analy-
sis of global traveltime data: mantle heterogeneity and random errors
in the ISC data, Geophys. J. Int., 102(1), 25-43.

Guillaumin, A.P., Sykulski, A.M., Olhede, S.C., Early, J.J. & Lilly, J.M.,
2017. Analysis of non-stationary modulated time series with applica-
tions to oceanographic surface flow measurements, J. Time Ser. Anal.,
38(5), 668-710.

Guillaumin, A.P., Sykulski, A.M., Olhede, S.C. & Simons, F.J., 2022. The
debiased spatial Whittle likelihood, J. R. Stat. Soc. Ser. B, 84(4), 1526—
1557.

Guillaumin, A.P., Goodwin, T., Olivia L. Walbert, A.M.S., C.Olhede, S.
& Simons, F.J., 2026. DSWL package: a Python implementation of the
Debiased Spatial Whittle Likelihood, J. Open Source Softw., in revision.

Guinness, J., 2019. Spectral density estimation for random fields via pe-
riodic embeddings, Biometrika, 106(2), 267-286.

Guinness, J. & Fuentes, M., 2017. Circulant embedding of approximate
covariances for inference from Gaussian data on large lattices, J. Com-
put. Graph. Stat., 26(1), 88-97.

920z UoIeN 6z uo isenb Aq geeey 8/ y06e6b/z/Shz/e10meB/woo dno-olwsepeoe//:sdiy wol pspeojumoq


http://dx.doi.org/10.1029/1998GL900057
http://dx.doi.org/10.1051/aas:1998441
http://dx.doi.org/10.1111/j.1365--246X.2004.02300.x
http://dx.doi.org/10.1046/j.1365--246X.2003.01905.x
http://dx.doi.org/10.1016/j.epsl.2007.05.010
http://dx.doi.org/10.1214/10--AOS799
http://dx.doi.org/10.1007/s00024--020--02611--z
http://dx.doi.org/10.1029/2011JB009041, 2012
http://dx.doi.org/10.5705/ss.202020.0092
http://dx.doi.org/10.1121/1.3682459
http://dx.doi.org/10.1093/biomet/74.4.877
http://dx.doi.org/10.1214/17--EJS1326
http://dx.doi.org/10.1051/0004--6361/201423580
http://dx.doi.org/10.1198/016214506000000852
http://dx.doi.org/10.1007/s11222--022--10127--w
http://dx.doi.org/10.1086/423367
http://dx.doi.org/10.1214/11--STS370
http://dx.doi.org/10.1016/j.ocemod.2009.10.001
http://dx.doi.org/10.1029/JB093iB11p13589
http://dx.doi.org/10.1109/48.35983
http://dx.doi.org/10.1029/GL016i001p00045
http://dx.doi.org/10.1016/j.oceaneng.2021.108934
http://dx.doi.org/10.1093/biomet/asaf089
http://dx.doi.org/10.1109/TGRS.2010.2053546
http://dx.doi.org/10.1029/2022JB025511
http://dx.doi.org/10.1111/j.1365--246X.1990.tb00528.x
http://dx.doi.org/10.1111/jtsa.12244
http://dx.doi.org/10.1111/rssb.12539
http://dx.doi.org/10.1093/biomet/asz004
http://dx.doi.org/10.1080/10618600.2016.1164534

22 F. J. Simons et al.

Guttorp, P. & Gneiting, T., 2006. Studies in the history of probability and
statistics XLIX. On the Matérn correlation family, Biometrika, 93(4),
989-995.

Guyon, X., 1982. Parameter estimation for a stationary process on a d-
dimensional lattice, Biometrika, 69(1), 95-105.

Hamilton, A.J.S., 2009a. Power spectrum estimation. I. Basics, Data
Analysis in Cosmology, Vol. 6650f Lecture Notes in Physics, pp. 415-
431, eds, Martinez, V., Saar, E., Gonzales, E. & Pons-Borderia, M.,
Springer-Verlag, Berlin.

Hamilton, A.J.S., 2009b. Power spectrum estimation II. Linear maxi-
mum likelihood, Data Analysis in Cosmology, Vol. 6650f Lecture Notes
in Physics, pp. 433-456, eds. Martinez, V., Saar, E., Gonzales, E. &
Pons-Borderia, M., Springer-Verlag, Berlin.

Handcock, M.S. & Stein, M.L., 1993. A Bayesian analysis of kriging,
Technometrics, 35(4), 403-410.

Handcock, M.S. & Wallis, J.R., 1994. An approach to statistical spatial-
temporal modeling of meteorological fields, J. Acoust. Soc. Am.,
89(426), 368-378.

Hastings, W.K., 1970. Monte Carlo sampling methods using Markov
chains and their applications, Biometrika, 57(1), 97-108.

Herzfeld, U. & Zahner, O., 2001. A connectionist-geostatistical approach
to automated image classification, applied to the analysis of crevasse
patterns in surging ice, Comput. Geosci., 27, 499-512.

Herzfeld, U.C. & Higginson, C.A., 1996. Automated geostatistical
seafloor classification—Principles, parameters, feature vectors, and
discrimination criteria, Comput. Geosci., 22(1), 35-52.

Herzfeld, U.C. & Overbeck, C., 1999. Analysis and simulation of scale-
dependent fractal surfaces with application to seafloor morphology,
Comput. Geosci., 25(1), 979-1007.

Herzfeld, U.C., Kim, L.I. & Orcutt, J.A., 1995. Is the ocean floor a fractal?,
Math. Geol., 27(3), 421-462.

Hofmann-Wellenhof, B. & Moritz, H., 2006. Physical Geodesy, 2nd edn,
Springer-Verlag, Berlin.

Hosoya, Y. & Taniguchi, M., 1982. A central limit theorem for stationary
processes and the parameter estimation of linear processes, Ann. Stat.,
10(1), 132-153.

Isserlis, L., 1918. On a formula for the product-moment coefficient of any
order of a normal frequency distribution in any number of variables,
Biometrika, 12(1-2), 134-139.

Journel, A.G. & Huijbregts, C.J., 1978. Mining Geostatistics, Academic
Press, San Diego, Calif.

Katzfuss, M. & Guinness, J., 2021. A general framework for Vecchia ap-
proximations of Gaussian processes, Stat. Sci., 36(1), 124-141.

Kent, J.T. & Mardia, K.V,, 1996. Spectral and circulant approximations
to the likelihood for stationary Gaussian random fields, J. Stat. Plann.
Infer, 50, 379-394.

Kitanidis, P.K. & Lane, R.W., 1985. Maximum likelihood parameter esti-
mation of hydrologic spatial processes by the Gauss-Newton method,
J. Hydrol., 79(1), 53-71.

Kreslavsky, M.A. & Head, J.W., 2000. Kilometer-scale roughness of Mars:
Results from MOLA data analysis, J. geophys. Res., 105(E11), 26 695—
26711.

Kroese, D.P. & Botev, Z.1., 2015. Spatial process simulation, Stochastic
Geometry, Spatial Statistics and Random Fields, Chap. 12, pp. 369-404,
eds, Schmidt, V., Springer, Heidelberg, Germany.

Lambeck, K., 1988. Geophysical Geodesy, Oxford Univ. Press, New York.

Landais, F., Schmidt, F. & Lovejoy, S., 2019. Multifractal topography of
several planetary bodies in the solar system, Icarus, 319, 14-20.

Lilly, J.M., Sykulski, A.M., Early, J.J. & Olhede, S.C., 2017. Fractional
Brownian motion, the Matérn process, and stochastic modeling of tur-
bulent dispersion, Nonlin. Proc. Geophys., 24(3), 481-514.

Lindgren, F., Rue, H. & Lindstrom, J., 2011. An explicit link between
Gaussian fields and Gaussian Markov random fields: the stochastic
partial differential equation approach, J. R. Stat. Soc. Ser. B, 73(4), 423~
498.

Malinverno, A., 1991. Inverse square-root dependence of mid-ocean-
ridge flank roughness on spreading rate, Nature, 352, 58-60.

Mardia, K.V. & Marshall, R.J., 1984. Maximum likelihood estimation of
models for residual covariance in spatial regression, Biometrika, 71(1),
135-146.

Mareschal, J.C., 1989. Fractal reconstruction of sea-floor topography,
Pure appl. Geophys., 131(1-2), 197-210.

Matérn, B., 1960. Spatial Variation. Stochastic Models and Their Appli-
cation to Some problems in Forest Surveys and Other Sampling Investi-
gations, Vol. 49, Statens Skogsforskningsintitut, Stockholm, Sweden.

Metropolis, N. & Ulam, S., 1949. The Monte Carlo method, J. Am. Stat.
Assoc., 44(247), 335-341.

Montagner, J.P., 1986. Regional three-dimensional structures using
long-period surface waves, Ann. Geophys., 4(B3), 283-294.

Munk, W.H., 1955. High frequency spectrum of ocean waves, J. Mar. Res.,
14(4), 302-314.

Neeser, F.D. & Massey, J.L., 1993. Proper complex random processes with
applications to information theory, I[EEE Trans. Inform. Theory, 39(4),
1293-1302.

North, G.R., Wang, J. & Genton, M.G., 2011. Correlation models for tem-
perature fields, J. Climate, 24, 5850-5862.

Olhede, S.C., 2008. Localisation of geometric anisotropy, /[EEE Trans.
Signal Process., 56(5), 2133-2138.

Olhede, S.C., Ramires, D. & Schreier, P.J., 2014. Detecting directional-
ity in random fields using the monogenic signal, IEEE Trans. Inform.
Theory, 60(10), 6491-6510.

Paciorek, C.J., 2007. Bayesian smoothing with Gaussian processes using
Fourier basis functions in the spectral GP package, J. Stat. Softw., 19(2),
1-38.

Paciorek, C.J. & Schervish, M.J., 2006. Spatial modelling using a new
class of nonstationary covariance functions, Environmetrics, 17(5),
483-506.

Pawitan, Y., 2001. All Likelihood: Statistical Modelling and Inference Us-
ing Likelihood, Oxford Univ. Press, New York.

Percival, D.B. & Walden, A.T., 1993. Spectral Analysis for Physical Ap-
plications, Multitaper and Conventional Univariate Techniques, Cam-
bridge Univ. Press, New York.

Persson, B.N.J., 2006. Contact mechanics for randomly rough surfaces,
Surf. Sci. Rep., 61, 201-227.

Porcu, E., Bevilacqua, M., Schaback, R. & Oates, C.J., 2024. The Matérn
model: A journey through statistics, numerical analysis and machine
learning, Stat. Sci., 39(3), 469-492.

Press, W.H., Teukolsky, S.A., Vetterling, W.T. & Flannery, B.P., 2007. Nu-
merical Recipes: The Art of Scientific Computing, 3rd edn., Cambridge
Univ. Press, New York.

Rappaport, N.J., Konopliv, A.S., Kucinskas, A.B. & Ford, P.G., 1999. An
improved 360 degree and order model of Venus topography, Icarus,
139, 19-31.

Rasmussen, C.E. & Williams, C.K.1., 2006. Gaussian Processes for Ma-
chine Learning, The MIT Press, Cambridge

Reed, LS., Lee, P.C. & Truong, T.K., 2002. Spectral representation of
fractional Brownian motion in n dimensions and its properties, /[EEE
Trans. Inform. Theory, 41(5), 1439-1451.

Reich, B.J., Bandyopadhyay, D. & Bondell, H.D., 2013. A nonparametric
spatial model for periodontal data with nonrandom missingness, J.
Am. Stat. Assoc., 108(503), 820-831.

Rodriguez-Iturbe, I. & Mejia, J.M., 1974. The design of rainfall networks
in time and space, Water Resources Res., 10(4), 713-728.

Rosenburg, M.A. et al., 2011. Global surface slopes and roughness of the
Moon from the Lunar Orbiter Laser Altimeter, J. geophys. Res., 116,
E02001.

Sagy, A., Brodsky, E.E. & Axen, G.J., 2007. Evolution of fault-surface
roughness with slip, Geology, 35(3), 283-286.

Sandwell, D.T. et al., 2022. Improved bathymetric prediction us-
ing geological information: SYNBATH, Earth Space Sci, 9(2),
€2021EA002069.

Severini, T.A., 2001. Likelihood Methods in Statistics, Oxford Univ. Press,
Oxford, UK.

Sharpton, V.L. & Head, J.W., 1985. Analysis of regional slope character-
istics on Venus and Earth, J. Geophys. Res., 90(B5), 3733-3740.

920z UoIeN 6z uo isenb Aq geeey 8/ y06e6b/z/Shz/e10meB/woo dno-olwsepeoe//:sdiy wol pspeojumoq


http://dx.doi.org/10.1093/biomet/93.4.989
http://dx.doi.org/10.1093/biomet/69.1.95
http://dx.doi.org/10.1080/00401706.1993.10485354
http://dx.doi.org/10.1093/biomet/57.1.97
http://dx.doi.org/10.1016/S0098--3004(00)00089--3
http://dx.doi.org/10.1016/0098--3004(96)89522--7
http://dx.doi.org/10.1016/S0098--3004(99)00062--X
http://dx.doi.org/10.1007/BF02084611
http://dx.doi.org/10.1007/978-1-4615-7821-5_4
http://dx.doi.org/10.2307/2331932
http://dx.doi.org/10.1214/19--STS755
http://dx.doi.org/10.1016/0378--3758(95)00065--8
http://dx.doi.org/10.1016/0022--1694(85)90181--7
http://dx.doi.org/10.1029/2000JE001259
http://dx.doi.org/10.1016/j.icarus.2018.07.005
http://dx.doi.org/10.5194/npg--24--481--2017
http://dx.doi.org/10.1111/j.1467--9868.2011.00777.x
http://dx.doi.org/10.1038/352058a0
http://dx.doi.org/10.2307/2336405
http://dx.doi.org/10.1007/BF00874487
http://dx.doi.org/10.1080/01621459.1949.10483310
http://dx.doi.org/10.1109/18.243446
http://dx.doi.org/10.1175/2011JCLI4199.1
http://dx.doi.org/10.1109/TSP.2007.912894
http://dx.doi.org/10.1109/TIT.2014.2342734
http://dx.doi.org/10.1002/env.785
http://dx.doi.org/10.1016/j.surfrep.2006.04.001
http://dx.doi.org/10.1214/24--STS923
http://dx.doi.org/10.1006/icar.1999.6081
http://dx.doi.org/10.1109/18.412687
http://dx.doi.org/10.1080/01621459.2013.795487
http://dx.doi.org/10.1029/WR010i004p00713
http://dx.doi.org/10.1029/2010JE003716
http://dx.doi.org/10.1130/G23235A.1
http://dx.doi.org/10.1029/2021EA002069
http://dx.doi.org/10.1029/JB090iB05p03733

Shepard, M.K., Campbell, B.A., Bulmer, M.H., Farr, T.G., Gaddis, L.R.
& Plaut, J.J., 2001. The roughness of natural terrain: A planetary and
remote sensing perspective, J. geophys. Res., 106(E12),32777-32795.

Simon, J.D. et al., 2026. Hydroacoustic observations of the 15 January
2022 Hunga Tonga-Hunga Ha’apai eruption: The role of bathymetry
along the path, J. geophys. Res., 131, €2025JB032996.

Simons, F.J. & Olhede, S.C., 2013. Maximum-likelihood estimation of
lithospheric flexural rigidity, initial-loading fraction and load correla-
tion, under isotropy, Geophys. J. Int., 193(3), 1300-1342.

Smith, W.H.F. & Sandwell, D.T., 1997. Global sea floor topography from
satellite altimetry and ship depth soundings, Science, 277(5334), 1956—
1962.

Song, T.R.A. & Simons, M., 2003. Large trench-parallel gravity variations
predict seismogenic behavior in subduction zones, Nature, 301, 630-
633.

Stein, M.L., 1995. Fixed-domain asymptotics for spatial periodograms, ..
Am. Stat. Assoc., 90(432), 1277-1288.

Stein, M.L., 1999. Interpolation of Spatial Data: Some Theory for Kriging,
Springer Series in Statistics, Springer-Verlag, Berlin.

Stein, M.L., Chi, Z. & Welty, L.J., 2004. Approximating likelihoods for
large spatial data sets, J. R. Stat. Soc. Ser. B, 66(2), 275-296.

Stephenson, R., 1984. Flexural models of continental lithosphere based
on the long-term erosional decay of topography, Geophys. J. R. Astron.
Soc., 77, 385-413.

Sun, Y., Bowman, K.P., Genton, M.G. & Tokay, A., 2015. A Matérn model
of the spatial covariance structure of point rain rates, Stoch. Env. Res.
Risk A., 29, 411-416.

Sykulski, A.M., Olhede, S.C., Guillaumin, A.P., Lilly, JM. & Early, J.J.
, 2019. The debiased Whittle likelihood, Biometrika, 106, 251-266.
Tarantola, A. & Nercessian, A., 1984. Three-dimensional inversion with-

out blocks, Geophys. J. R. Astron. Soc., 76(2), 299-306.

Valentine, A.P. & Davies, D.R., 2020. Global models from sparse data:
A robust estimate of Earth’s residual topography spectrum, Geochem.
Geophys. Geosys., 21(8), €2020GC009240.

Vanmarcke, E., 1983. Random Fields. Analysis and Synthesis, 1st edn.,
MIT Press, Cambridge.

Vanmarcke, E., 2010. Random Fields. Analysis and Synthesis, 2nd edn.,
‘World Scientific, Singapore.

Vecchia, A.V., 1988. Estimation and model identification for continuous
spatial processes, J. R. Stat. Soc. Ser. B, 50(2), 297-312.

Walden, A.T., McCoy, E.J. & Percival, D.B., 1994. The variance of mul-
titaper spectrum estimates for real Gaussian processes, [EEE Trans.
Signal Process., 42, 479-482.

Wang, K., Abdulah, S., Sun, Y. & Genton, M.G., 2023. Which parameter-
ization of the Matérn covariance function?, Spat. Stat., 58, 100 787.
Watson, G.N., 1995. A Treatise on the Theory of Bessel Functions, 2nd

edn., Cambridge Univ. Press, Cambridge, UK.

‘Whittaker, J.M., Miiller, R.D., Roest, W.R., Wessel, P. & Smith, WH.F.,
2008. How supercontinents and superoceans affect seafloor rough-
ness, Nature, 456, 938-941.

Whittle, P., 1953. Estimation and information in stationary time series,
Ark. Mat., 2(5), 423-434.

Whittle, P., 1954. On stationary processes in the plane, Biometrika, 41(3-
4), 434-449.

Wieczorek, M.A., 2015. The gravity and topography of the terrestrial
planets, Treatise on Geophysics, 2nd edn., Vol. 10, pp. 153-2193, ed.
Spohn, T., Elsevier, Amsterdam, Neth.

Wu, R.S. & Aki, K., 1985. Elastic wave scattering by a random medium
and the small-scale inhomogeneities in the lithosphere, J. geophys.
Res., 90(B12), 10261-10273.

Wu, R.S. & Flatté, S.M., 1990. Transmission fluctuations across an array
and heterogeneities in the crust and upper mantle, Pure appl. Geo-
phys., 132(1-2), 175-196.

Wunsch, C., 2022. Can oceanic flows be heard? Abyssal melodies, J.
acoust. Soc. Am., 152(4), 2160-2168.

Zhang, H., 2004. Inconsistent estimation and asymptotically equal in-
terpolations in model-based geostatistics, J. Am. Stat. Assoc., 99(465),
250-261.

Statistical analysis of geophysical fields 23

Zhang, H. & Zimmerman, D.L., 2005. Towards reconciling two
asymptotic frameworks in spatial statistics, Biometrika, 92(4), 921-
936.

APPENDIX A

The explicit forms of eq. (41), the logarithmic derivatives of the
isotropic Matérn spectral density (12) in each of the three pa-
rameters 6 € @, which enter into the definition of the score (40)
and the Fisher matrix (43) of the likelihood (39), are given in
terms of the auxiliary variable

4v 4v -
= (n2p2> <ﬂ2p2 +k2) ' (A1)

by which we rewrite eqs (A25)-(A27) of F.J. Simons & S.C.
Olhede (2013) as

1
mﬁzzg,
v+1 v+1
my= L Pt g (A2)
v
v v+1
m, =—-2—+2 + "

P

The non-vanishing derivatives of (A2) necessary for the compu-
tation of the Hessian (42) are

Bm(,z N 1
do2 o’
om, 1/v+1 v+1
v v v v
om v 1 v+1
s 1_3i#+2 + uz .
ap p? v v
and the two identical cross-derivatives are
om, om 2 2v+1 v+1
=——==(-1+ = n*). (A4)
ap av P v v

We list them for completeness only, since they are not needed
for our analysis, though we used them for numerical checks.

Obtaining explicit forms for eq. (53), the logarithmic deriva-
tives of the blurred spectral density (50) necessary to calculate
the score (52) and the Fisher matrix (54) of the likelihood (48),
requires derivatives of the isotropic Matérn spatial covariance
(15) in the parameters 6 € 6.

The first, in terms of the variance o2, is trivial,

aCy(r) _ 2" <2vi r)”KU (zﬁ r) . A5)

do? rw) \ =p TP

The second, in terms of smoothness v, has a compact ana-
lytical form when v = n € Z, for which M. Abramowitz & LA.
Stegun (1965) eq. (9.6.45) provide the integer-order derivative
of the modified Bessel function of the second kind. Using the
shorthand z = (2n'/?r) / (m p), we have (see also C.J. Geoga et al.
2023),

369(}’) _ 221—n

PK(2) G ¥ g +In (g) —¥(n)
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At large arguments and for non-integer v we resort to a central-
difference approximation that follows the guidance of W.H.
Press et al. (2007) eq. (5.7.8) in selecting a v-dependent step size
to minimize truncation and round-off errors, that is €'/3v, with
€ the machine precision.

The third, with respect to p, is from the chain rule and G.N.
Watson (1995) eq. (3.71.3), zK/(z) + vK,(z) = —zK,-1(2),

v+1 1

ac 291-v (o3 202
o) 2 () g (22 (A7)

ap p Tw)\ mp TP
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